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Abstract 

A mathematical approach to supersymmetry based on the use of C*-algebras is 
given. We introduce two classes of supersymmetric C*-dynamical systems that roughly 
correspond to fermion lattice models with hidden supersymmetry and to supersym- 
metric quantum field theories. Each of them is studied in details with some concrete 
examples provided. We show several fundamental properties of supersymmetric states 
which are stated in terms of the cyclic representations of these states. 
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1 Introduction 

This paper presents a C*-algebraic approach to supersymmetry. Supersymmetry -symmetry 
between fermions and bosons- is not only a remarkable theoretical idea in particle physics, 
it has influenced many branches of physics and mathematics. We aim to shed light on 
general mathematical structure induced by supersymmetry through analysis using C*- 
algebraic methods. 

Among the extensive literature on supersymmetry, there has been some, but not a 
lot of, work done in the context of mathematically rigorous infinite dimensional analysis, 
specifically functional analysis. This paper is largely indebted to [1] that studied the 
implementation of supersymmetry in a Hilbert space under a C*-algebraic setting. We will 
employ similar formulation and notation as used there. We have also been motivated by [2] 
that extensively discussed several aspects of supersymmetry (among other symmetries) in 
the axiomatic quantum field theory. This mathematical formalism of relativistic quantum 
field theory utilizes unbounded field operators in a Hilbert space [H]. On the other hand, 
the elements in C*-algebras are all bounded. Such a difference turns out to be crucial in 
dealing with supersymmetry, at least technically, as we will later indicate. 

The mathematical formalism that describes quantum systems by making use of C*- 
algebras may be referred to as C*-algebraic quantum physics. It has offered mathemati- 
cally solid frameworks for treating physical models of infinitely many degrees of freedom. 
The consequences of C*-algebraic quantum physics both for quantum field theory and 
statistical mechanics are collected in [H [3 [H [7] , see also the bibliographies therein. Our 
main purpose is to extend the scope of C*-algebraic quantum physics and apply it to 
supersymmetry which has until now escaped systematic investigation from this viewpoint. 

We shall formulate C*-dynamical systems that are supersymmetric. Clearly the C*- 
algebra lacks some ingredients of the superfield formalism (such as auxiliary fields and 
Grassmann parameters) by which supersymmetric Lagrangians can be efficiently written, 
see e.g. [El [9]. We are not able to reproduce supersymmetric quantum field models which 
abundantly exist in the physics literature in our C*-algebraic formalism. Admittedly this 
is a big defect that will not be easily overcome. We note, however, that the assumptions 
imposed on our statements are so general that they do not appear to conflict with concrete 
physical models in the literature. 

In this paper, we do not restrict our attention to relativistic quantum field theory. 
'Supersymmetry' is used in a broader sense than its original sense, i.e. symmetry between 
the particles with the same properties (such as mass) other than the spins which differ by 
half a unit of spin. This C*-algebraic study may serve purely abstract investigation on 
supersymmetry, though its present achievement as a physical theory is quite limited due 
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to the lack of non-trivial quantum field models fitting into our formalisnj^. 

The general algebraic relation of supersymmetry is determined by seminar work [11] 
(under some physical constrains on S'-matrix in relativistic quantum field theory). Let us 
recall the = 1 supersymmetry algebra in + 1 dimensions. This simple supersymmetry 
algebra will be later formulated as C*-dynamical systems. Let Q and Q* be a conjugate 
pair of linear operators in a Hilbert space. The asterisk * will be used for the hermite 
adjoint of operators. These Q and Q* denote supercharge operators. They are assumed 
nilpotent: 

The supersymmetric Hamiltonian is given as 

H = {g, Q*] = QQ* + Q*Q. (1.2) 
Hence the Hamiltonian H is positive. From (jl.ip and (|1.2p it follows that 

[H, Q] = [H, Q*] = 0. (1.3) 
Let Qs,i := Q + Q* and Qs,i := i{Q — Q*), which are self-adjoint. We see 

H = Ql, = Ql,. (1.4) 

All eigenstates with a non-zero eigenvalue for the supersymmetric Hamiltonian H form 
the doublets under supersymmetry. Namely, a pair of rays {|/), Q\f)} satisfying Q*\f) = 
have the same positive eigenvalue for H, where |/) corresponds to a fermionic state while 
Q\f) corresponds to a bosonic state. 

If there exists a state represented by a unit ray |0) that is annihilated by the super- 
charges, 

Q|0)=0 and Q*|0) = 0, (1.5) 

then it is said that supersymmetry is unbroken. As the Hilbert space is positive definite, 
by dO]) dLlI, dLS]) is equivalent to 

H\0)=0, (1.6) 

and also to 

Qs,i|0)=0, (1.7) 



^It is straightforward to write down a supersymmetric version of Local quantum physics (Algebraic 
quantum field theory) [2] as in [lO]. There are, however, lots to be clarified, such as making connections 
with actual physical models, forming appropriate axioms and so on. 
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Qs,2|o) = 0. 



(1.8) 



Otherwise, if no such |0) exists, then it is said that super symmetry is broken. It is 
often rephrased that VEV (the vacuum expectation value) is the order for supersymmetry 
breaking; if VEV is strictly positive, then supersymmetry is broken, if VEV is equal to 
zero, then supersymmetry is unbroken. 

In the above introduction to the supersymmetry algebra, supercharges are assumed 
to exist as (densely defined) linear operators in a Hilbert space and the algebraic rela- 
tions (jl.ip (jl.2p are fulfilled from the outset. This seems "at the very best heuristic" [121 
Appendix A] and could lead to erroneous consequences as warned of in [13]. In practice, 
however, there is nothing noteworthy in physics according to the basic wisdom of quantum 
field theory: (super) charges given as the spacial integration of the time-component of a 
locally conserved (super)symmetry current are ill-defined under global (super )symmetry 
breaking inducing infinite norms if they act on any vector in the Hilbert spacqj- Taking 
these remarks into account, we intend our formulation to be founded on dynamics which 
is always (super) symmetric, irrespective of broken-unbroken (super)symmetry. We shall 
start from superderivations in a graded C*-algebra not from supercharge operators in a 
(tacitly selected) Hilbert space which may or may not exist. A super derivation defines 
an infinitesimal supersymmetry transformation without referring to states or representa- 
tionj§. 

Let us summarize some notations given in ^ We consider a unital graded C*-algebra 
T with a (non-trivial) Z^-periodic automorphism 7. The odd and even parts of the graded 
C*-algebra abstractly represent the set of fermionic elements and that of bosonic elements, 
respectively. A linear map 5 in satisfying the odd property and the graded Leibniz rule 
with respect to 7 is called a superderivation. Let denote some 7-invariant *-subalgebra 
in J-" which will play an important role throughout this paper. If a state on is invariant 
under the superderivation 5 (on .4o), then it is said to be supersymmetric with respect to 
S Definition [M 

A general formulation of supersymmetric C*-dynamical systems is presented in ^ We 
distinguish two classes which will be referred to as Case (I) and Case (II). For Case (I) we 
have in mind hidden supersymmetry in fermion lattice systems (or quantum spin lattice 
systems). In such systems, there is no actual bosoE0. On the other hand. Case (II) is for 

^The following statement about supersymmetry breaking in infinitely extended systems and the (im- 
possibility of) implementation of supercharges as linear operators is quoted from [14IIT]. For asymptotically 
abelian C* -dynamical systems (typically translation invariant ones), if supersymmetry transformation is 
implementable in the Hilbert space of the Gelfand-Naimark-Segal (GNS) construction for a state, namely 
some densely defined closed linear operators Q and Q* generate infinitesimal supersymmetry transformation 
in the GNS Hilbert space, then Q and Q* both inevitably annihilate the cyclic vector, hence supersymmetry 
is unbroken. 

^It is noted in [12] that supergauge transformations would have to be interpreted as automorphisms 
under spontaneously symmetry breakdown (to say nothing of under unbroken symmetry). In this paper, we 
use superderivations without Grassmann parameters. It seems, however, a natural demand to modify our 
C* -algebraic formalism so that it captures notions in superfield formalism, for examples, automorphism 
groups of the Grassmann parameter and cyclic representations on super Hilbert spaces. 

* Application of supersymmetry to non-relativistic statistical mechanics was suggested in [15j . 
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supersymmetric quantum field theories, although only a special non-interacting model is 
presently available. Let us review these two cases. 

For Case (I), the time development (one-parameter group of *-automorphisms) is as- 
sumed strongly continuous (i.e. pointwise norm continuous) ^3.11 as is often the case 
in fermion (quantum spin) lattice models [5j. In Case (I) we put a very nice condition 
S{Ao) C (|3.9p that permits the composition of the superderivations on a norm dense 
*-subalgebra Thanks to this condition, it is immediate to obtain infinitesimal super- 
symmetric relations corresponding to (|1.2p Definition 13.31 for Case (I). 

For Case (II), the time development in the C*-system is not strongly continuous due 
to the existence of boson fields. Instead we assume that the time development is weakly 
continuous in the GNS (cyclic) representations induced by the states satisfying some mild 
conditions which are not necessarily supersymmetric According to its original mean- 

ing, supersymmetry transforms fermion fields to (unbounded) boson fields and vice versa. 
It turns out that the above convenient condition (|3.9p on the superderivation fails in Case 
(II). To circumvent such difficulty, |17] has invented a novel method in establishing a 
C*-algebraic formulation of supersymmetric quantum field models. Based on this model 
construction and the mathematical tools developed there, we provide a general definition 
of supersymmetric C*-dynamics for Case (II) Definition 13.141 

After ^ we mainly consider the case of unbroken supersymmetry. Supercharges are 
defined by superderivations as closed linear operators in the GNS Hilbert space for super- 
symmetric states 21 We then consider supersymmetric relations in the GNS Hilbert space 
for supersymmetric states ^ Some preliminary results are given in ^5.11 for Case (I) and 
in ^5.21 for Case (II) . Subsequently in H5.3\ the exact formula of the realized supersymme- 
try algebra is obtained for both Case (I) and Case (II) Theorem 15.111 The key result is 
the essential self-adjointness of supercharges in the GNS Hilbert space of supersymmetric 



statejnl. 



From the self-adjointness of supercharges we derive several consequences in We 
show that any supersymmetric state is a ground state (whether it be pure or not) Theorem 
16. jrl . We show that the set of supersymmetric states for any given supersymmetric C*- 
dynamics is a face of the state space of the C*-algebra Theorer d6. The same conclusions 
as Theorem 16.21 and Theorem 16.31 were already shown under a similar assumption to Case 



^The general status will be described as follows [161 § 4.8]: For continuous quantum systems, as best 
one may hope to construct time evolution as a a -weakly one-parameter group of automorphisms on the 
C* -algebras on an appropriate Hilbert space. 

®The self-adjointness of supercharge (or Dirac) operators in a given (super-)Hilbert space has been 
discussed under several situations e.g. |23l 1241 [25 , 26^ 27., see also the references therein. 

^Theorem 16.21 agrees with the common knowledge in physics [IB]. It implies that supersymmetry is 
spontaneously broken at any positive temperature. According to some physics literature, such symmetry 
breaking is due to the different statistics between fermions and bosons, see e.g. [28[ . It should be noted 
that we use the abstract supersymmetry algebra itself, but do not use directly the fermion-boson statistics 
at any point. In fact, we consider the situation where bosons do not exist, typically fermion lattice models. 
We also make it clear that the asymptotically abelian assumption on the dynamics is unnecessary for 
Theorem 16.21 This theorem is obviously valid for systems on finite regions. 

®It is important to understand the space of degenerate (inequivalent) supersymmetric states (the moduli 
space of supersymmetric vacua) in supersymmetric (gauge) theories, as it is generally complicated, see e.g. 
[29[ . The C*-algebraic formalism would hopefully provide some insight into general aspects of these spaces. 
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(I) in [H Prop. 2.2] . Our new proofs for these theorems make use of Theorem lS.lH and they 
are vahd for both Case (I) and Case (Ilj^. It is shown that the (self-adjoint) supercharges 
are affihated to the von Neumann algebra generated by the GNS representation of any 
supersymmetric state Theorem 17. li 

In ^we give examples of supersymmetric C*-dynamics satisfying all the assumptions 
set in ^ ^ For Case (I) a general class of finite range supersymmetric fermion lattice 
models is formulated in ^8.11 We show (inequivalent) supersymmetric states for a special 
example modeled on a model in (l5l § 3]. For Case (II) we consider the same supersym- 
metric C* -dynamics as that given in [17] (which is a non- inter acting quantum field model 
mentioned before) in ^8.21 A supersymmetric state for this model is given as a product 
state of some Fock states on the fermion system and on the boson system. 

Finally in Remark I8.10| we suggest some open problems about superderivations and 
supersymmetry in C*-systems that arise naturally from our foregoing discussions. 

2 Notation 

We introduce the notation and some standing assumptions used throughout this paper. 
Other assumptions mainly concerned with topology on C*-dynamics will be specified later 
in 

Let be a unital C*-algebra whose unit is denoted 1. Suppose that there is a 
♦-automorphism 7 on such that 7^^ is the identity map, namely a Z^-group of *- 
automorphisms. Hence T is decomposed into its even and odd parts T = ® T° ^ 
where 

■={¥ (iT\ 7(F) = F}, T° ■={¥ (iT\ -f{F) = -F}. (2.1) 
The graded commutator on F is given by 

G±]^ := [F+, G±] = F+G± - G±F+, for F+ G J^", G+ G J^" and G_ G J^", 

G_]t, := {F_ G_} = + for F_ G T", G_ G T". (2.2) 

Let (5 be a linear map whose domain Ds is assumed to be a unital 7-invariant *- 
subalgebra of J^. If 6 is odd with respect to the grading: 

5 . 7 = -7 . 5 onVs, (2.3) 

and the graded Leibniz rule holds: 

S{FG) = 6{F)G + 7{F)6{G) for F, G G Vs, (2.4) 

^One may deduce Theorem 16.21 Theorem \6l3\ from some heuristic argument based on VEV which was 
reviewed in this section. But it seems insufficient as a mathematically solid proof. 
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then 6 is called a superderivation (in with respect to 7). We will denote the composition 
of maps (derivations, superderivations, automorphisms) in by the symbol By (|2.3p 

where P| := Vs n := Vs n F" . For l(e by noting 5(1) = (5(1 • 1) = 5(1)1 + 

15(1) = 25(1), 

5(1) = 0. (2.5) 

The conjugate of 5 is defined as 

5*(F) := -5(7(F*))* for F € P^. := P^. (2.6) 

It is immediate to see that 5* is a superderivation and 5** =5. If a superderivation 5s 
satisfies 

5s = K, (2.7) 

then it is said to be symmetric. The subscript of 5s will stand for the adjective symmetric. 
Similarly if a superderivation 5as satisfies 

-Jas = (2.8) 

then it is said to be anti- symmetric. For any superderivation 5, let 

5s,i := 5 + 5*, 5s,2 := i{5 - ^ on ^ = V^^ ^ = Vg. (2.9) 

These 5s, 1 and 5s,2 are symmetric superderivations by definition. Conversely, any su- 
perderivation and its conjugate can be written as a linear sum of symmetric ones: 

5 = ^(5s,i - i5s,2), 5* = ^(5s,i + ^5s,2). (2.10) 

Remark 2.1. There are some remarks about our (abuse of) notation on superderivations. 
We denote a general superderivation by 5, and a general symmetric superderivation by 5s as 
above. In principle, 5 can be symmetric and non-symmetric. We note that if 5 is symmetric 
and nilpotent, i.e. 5 = 5* and 5-5 = are both satisfied, then it generates a trivial 
time-development. By the same reason, the anti-symmetric superderivation satisfying the 
nilpotent condition leads to such triviality. See Remark 13.41 which is just below Definition 
13.31 Therefore under the nilpotent assumption on 5, it is understood that 5 is generally 
neither symmetric nor anti-symmetric. From a given (non-symmetric) 5, two symmetric 
superderivations 5s,i and 5s, 2 are given as (j2.9p . To indicate each of 5s, 1 and 5s, 2, we will 
sometimes denote simply 5s, when there is no fear of confusion. 
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By way of illustration, take a bounded superderivation 5q with q^T° 

Sg{F) := [q, F]^ for FeT. (2.11) 

It is immediately see 

6;=6g., (2.12) 

and 

^.s,i(^) = fei, Fh, S,^,2iF) = [<ls2, F]„ (2.13) 

where 

qsi:=q + q*, qs2 ■■= i{q - q*) ■ (2.14) 
A direct computation yields 

Soh = ■ Sq + Sq- ^1, (2-15) 
where So^ is a bounded derivation defined as 

Soh{F) := [h, F] for F G with h := {q* , q}. (2.16) 

If 

q^ = 0, (2.17) 

then 

Sg-5g = 0, (5*-(5*=0, (2.18) 
where is the zero map on J^, and 

Soh = Sg^^i ■ ^q,,i = Sqs,2 ■ K,2- (2-19) 

Let at {t G M) be a one-parameter group of *-automorphisms of T that describes time 
development. Assume that it preserves the grading: 

at • 7 = 7 • at. (2.20) 

Let 5q denote the generator of at formally given as 

(2.21) 



at 



t=o 



The exact meaning of this will be given later in (j3.2p for Case (I) and in (j3.23p for Case 
(II). (In Case (I) 60 is a derivation in the C*-algebra, whereas in Case (II) it is not given 
as such, see Remark 13.111 ) 

Let be a unital 7-invariant *-subalgebra such that 

AoCVsi=Vs*). (2.22) 

We will mainly work with (rather than Ds) throughout this paper. 

Let w be a state (a normalized positive linear functional) on J^. The Gelfand-Naimark- 
Segal (GNS) representation for uj is denoted by the GNS triplet (tTi^, Jif^, ^ai) which is 
characterized through 

io{F) = (n^, vr^(F)f]^) for every F £ T. 

Here the right-hand side uses the (positive-definite) inner product of the GNS Hilbert 
space J^ui and S =^ is a cyclic vector, see [191 [2Q] [5]. The von Neumann algebra 
generated by the representation tTi^ of on is given as the weak closure of tTuj (F) on 

Let 

:= vr(^(^o)f^t^, (2.23) 

^^&:=T^u{Vi)^^. (2.24) 

These are *-invariant subspaces of and C ^^i- (Later we assume that these 
are dense in as (|3.5p for Case (I) and (|3.20p for Case (II).) 

A state UJ is said to be euen, if it is invariant under the grading 7, 

a;(7(F)) = bj{F) for every F G J". (2.25) 
For an even state cj, there exists a grading automorphism 7 on 9Jtt^ such that 

7(7r^(F)) = 7r^(7(i^)) for F^T. (2.26) 
By a self-adjoint unitary F on .y^, 7 is implemented as 

7(X) = Ad(F)(X) for X ^m^. (2.27) 
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We choose T such that 



rn^ = n^. (2.28) 

We endow a graded structure with the von Neumann algebra in a similar way to (j2.ip : 

m^ = mt,®mz, (2.29) 

where 

mz := {X€m^\ 7(x) = X}, mz {x^m^l ^(x) = -x}. (2.30) 

Let 

J^^+:={ri£j^^\Tr] = +r]}, _ := {77 G | Tr? = -77}. (2.31) 

Namely and Jif- are eigenspaces of T with the eigenvalues +1 and —1, respectively. 
We decompose into the orthogonal direct sum = J^uj+ © and write ^ G 

as a column vector ^ = ^^"'^^ with ^_|_ G and ^_ G J^u}~- Let 

P±:=i(/±r), (2.32) 
where / is the identity operator on J^^. Then J^uj± = -P±=^) and 

r=(^^ P+={l 0)' ^- = (0 /) °" =^- = ^-+®^-- (2-33) 

Remark 2.2. According to the univalence super-selection rule [3], the fermion-grading 
symmetry for the time development (j2.20p and for the state (j2.25p will never be violated 
in our world. (We also consider its breaking as mathematically pathological [30].) In our 
general mathematical formulation, however, 7 denotes an arbitrary grading automorphism, 
and it is not necessarily meant to be the fermion grading counting the half-integer spins. 
So in this paper, we will not omit the term 'even', whenever it is assumed. 
Remark 2.3. By (j2.28p . w is a bosonic state. However it is only a matter of convention. 
It is possible to choose LQ^ = — O^^, namely, u is fermionic. Such alternative makes no 
difference, see Remark 15. 13[ 

Our definition of supersymmetric states is given without reference to the time devel- 
opment or its generator as follows. 

Definition 2.4. If a state on is invariant under super derivation 6 on Ao, namely, 

if {5{A)) = for every A G Ao, (2.34) 

then it is said to be supersymmetric (with respect to 6 on ^o)- 
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If tp is supersymmetric in the above sense, then it is also supersymmetric with respect 
to 8* on Ao due to (HJD, 



^ [5* {A)) = for every A G Ao- (2.35) 

Proposition 2.5. A state is supersymmetric with respect to 5 if and only if it is super- 
symmetric with respect to 5^,1 and 5^,2- 

Proof. By ([iJ]) (fZTOD it is obvious. □ 

Remark 2.6. It seems natural to adopt the whole domain Vs in place of the subalgebra 
.4o(C V^) for the definition of supersymmetric states. With some additional topological 
conditions, the invariance under 5 can be extended to from This will be shown in 
Proposition 14. 6[ 



3 Supersymmetric C*-dynamics 

In this section, we formulate C*-dynamics that encodes supersymmetry and time devel- 
opment in the C*-algebra. We separately consider Case (I) and Case (II) due to several 
reasons. Among others, for the former the formulation is completely given within the 
C* -algebra, whereas for the latter some additional assumptions on states are needed. The 
notation and the standing assumptions in ^remain. 

3.1 The case of strongly continuous dynamical systems; Case (I) 

We assume that the time automorphism group at {t £ M) is strongly continuous (i.e. 
pointwise norm continuous). Namely for every F £ J^, 

\\at{F)-F\\ — ^0, ast^O. (3.1) 

Let 6o denote the infinitesimal generator of at with its domain Dsq , 

P^o := {a £ ; lim - {at{A) — A) exists in the C*-norm}, 
So{A) := -ila,(^)|^^^G^ for (3.2) 

As at is a one-parameter group of *-automorphisms, is a unital *-subalgebra of J^, 
and 6o is a *-derivation. Of course, the (usual) Leibniz rule is satisfied: 

So{FG) = 6o{F)G + F6o{G) forF,GeVs,. (3.3) 

By (j2.20p is 7-invariant, and 

<^o • 7 = 7 • <Jo onVsg. (3.4) 
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Recall that (5 is a superderivation with its domain and that is a unital 7-invariant 
*-subalgebra included in Vg (|2.22p . For Case (I), we assume 

is norm dense in (3-5) 
Ao is a core for the *-derivation in the norm topology, (3-6) 



i.e. the superderivation 6 on is closable in norm and C 6, (3.7) 



4,iUo (^sMAo) is closable in norm and (5s,iUo C Ss,i {Ss,2\Ao C 4,2), (3.8) 

and 

6{Ao) C Ao. (3.9) 

There are other assumptions not given here. These will be given after we have completed 
the formulation of super symmetric dynamics in Definition 13.31 Proposition 13.51 Proposition 

\m 

Remark 3.1. The above ()3.9p is in the definition of 'quantum algebra' |21] . This stringent 
condition for Case (I) will not be assumed for Case (II). 

Remark 3.2. For ()3.7p one may assume the equality, i.e. 6 = d\j\_a, namely is a core for 
the closed superderivation 6. Similarly for (j3.8p one may assume the equalities, too. 

5*{Ao)cAo, 5s,i{Ao)cAo, (5s,2(A)cA. (3.10) 

By (j3.9p (|3.10p the composition of 6 with itself and with its conjugate 6* are defined on 
^o- So it is immediate to obtain the supersymmetric relations corresponding to (|l.ip (|1.2p 
in 3T]in terms of (super)derivations. 

Definition 3.3. Suppose that all the assumptions for Case (I) given so far in this ^3.11 
(in addition to the standing assumptions given in ^ are satisfied. Let 5 denote the 
superderivation (which is neither symmetric nor anti-symmetric unless it induces the trivial 
time-development). Let Sq denote the *-derivation of the infinitesimal generator of the 
strongly continuous time automorphism group at {t £ M). The following set of formulae 
satisfied by 6 and 60 is referred to as (strong infinitesimal) supersymmetric dynamics (with 
respect to 6 and 60): 

5-5 = 0, 5* -5* =0 on Ao, (3.11) 
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<5o = (5* • 5 + (5 • (5* on Ao, (3.12) 

where is the zero map. 



Obviously, the former equality in (|3.1ip is equivalent to the latter in it. From (j3.9p 

(131^ dan, 

5o{Ao) C Ao. (3.13) 

Remark 3.4. In Definition 13.31 it is appropriate to assume that 5 is neither symmetric nor 
anti-symmetric, because if 6 = 5* oi 6 = —6*, then Sq becomes by (13. IIP (I3.12|) . 

The next formula corresponds to ()1.3p in ^ 
Proposition 3.5. Assume the same setting as Definition \3.3[ Then 

6 -60 = 60 -6, 6* -60 = 60 -6* on Ao. (3.14) 

Proof. These follow from (IXTOD (l3TT]l (l3T2]l (l3l3D . □ 
We can equivalently rewrite Definition 13.31 in terms of symmetric superderivations. 

Proposition 3.6. Assume the same setting as Definition 13. 3[ Let 5s, 1 = 6 + 6* and 

Ss,2 = i{6 — 6*) as ()2.9p . T/ie following set of formulae 

Ss,i ■ 4,2 = -Ss,2 ■ Ss,i on Ao, (3.15) 

-^O = 5s,l(= (^s,! • 5s,l) = (^3,2 (= '^s,2 • (58,2) on A (3.16) 

is equivalent to (13. lip ()3.12p in Definition \3.3\ i.e. the strong infinitesimal supersymmetric 
dynamics. 

Proof. Assuming ()3.1ip (j3.12p . we have 

6s,i ■ = {6* -6 + 6 -6*) + 6 -6 + 6* -6* =60 + + = 60, 

similarly 

Ss,2 ■ 5s,2 = 5o- 

Also 

5s,i-<5s,2 = i{6-6-6* ■6*) + i{6* -6-6-6*) 
= i{6* -6-6-6*), 
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(^8,2 • (^8,1 = i{6-6-6* ■6*)-i{6* -d-S-d*) 
= -i{S* -d-d-d*), 

hence 

Ss,i ■ 4,2 = -4,2 • 4,1- 

Conversely, assume (|3.15p (j3.16p . By ()2.10p we have 

111 
3 ■ S = ^(4,1 • 4,1 - 4,2 • 4,2) - ^(4,1 • 4,2 + 4,2 • 4,1) = ^(^0 - (^o) + = 0, 

and similarly 

6* -5* = 0. 

We have 

5* ■ 6 + 6 ■ 6* = ;^(4,i • 4,1 + 4,2 • 4,2) • 2 = ^((5o + 5o) = ^o- 



□ 



We are in a position to provide the remaining assumptions which have been so far 
unstated. Assume that the infinitesimal formula (j3.14p can be integrated as 

at{Ao) C Vs, 5 • at = at • 5, 5* ■ at = at • 6* on Ao for each i G R. (3.17) 

By (|3T7l) combined with ([2:9]) 

4,1 • at = ctt • 4,1, 4,2 • at = at • 4,2 on for each f G R. (3.18) 

We need to add the following more specific assumption upon at{Ao) C Vs in (j3.17p : 



For each t G R, at{Ao) is included in the domain of and of 4,1^0) 4,2^0- (3-19) 

These (|3.17p (j3.18p (|3.19p will be essential in the proof of self-adjointness of supercharges 
^5.31 for Case (I) (through Lemma 15.41 in ^5.ip . 

Remark 3.7. If 5o is bounded, then (j3.17p immediately follows from (j3.14p by integration 
[31]. However, (j3.17p is assumed for Case (I). In the concrete example of Case (I) (general 
super symmetric fermion lattice models of finite range interactions) given in ^8.1] (|3.17p is 
derived from (j3.14p together with other (some special) assumptions, see Proposition 18.91 
for details. 

Remark 3.8. Let F^{—k,k) denote the spectral subspace for an open subset {—k,k) C 
M with respect to the one-parameter group of *- automorphisms at |5j. Let J^q := 
U^^Q J-'"(— fc. A;). Then it is by definition invariant under at- Suppose that at is even 
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()2.20p . Let 6s be a symmetric superderivation in J-". It was shown [31] that if 5s- at D o-f^s, 
Ss C 6o, and the domain Vg-i of is norm dense in T, then (j3.9p . a crucial assumption 
in Case (I), holds on 1)^2 n J-"^. It was also show there that n J-q is norm dense in J^. 
We, however, do not take n J-g* as our see the next remark why it is. 

Remark 3.9. The invariance of under at is not assumed for Case (I), whereas it will 
be assumed for Case (II) in (I3.24p in the next subsection §3.2[ Actually the examples of 
Case (I) given in ^8.11 do generally violate the a^-invariance of It may be deserved 
to note that by excluding this condition, it is possible to keep out of a statement which 
implies the boundedness of superderivations [31, Th.3]. 

Remark 3.10. In the concrete example of Case (I) given in ([321) <^M and (|3T7l) ([3l8]) 
(j3.19p are verified under the assumption of unbroken supersymmetry. See Proposition 18.71 
Proposition 18.91 and Remark 18. 8[ 

3.2 The case of weakly continuous dynamical systems; Case (II) 

In Case (II), we basically consider the situation where boson and fermion fields are present, 
although our abstract formulation is not restricted to such usual setting. Since boson fields 
(satisfying the canonical commutation relations (CCR)) are unbounded, they are not in 
the C*-algebra as they are. Following the usual recipe, it seems natural to adopt the 
Weyl C*-algebra which is generated by the set of unitaries satisfying the Weyl relations 
as the boson system. Things are not so simple, however, as the following no-go result [T71 
Prop. 3.1] tells us: It is impossible to formulate superderivations that transform fermion 
fields to the corresponding boson fields and vice versa properly within the tensor-product 
of the Weyl C*-algebra and the fermion algebra (by using the idea of 'mollifier' that will be 
explained below). Furthermore the nice condition (j3.9p assumed for Case (I) is no longer 
valid in Case (II). Hence to make sense of supersymmetric relations in C*-algebra in Case 
(II) some elaboration is required. 

We introduce a general class of supersymmetric C*-dynamics by distilling some essence 
from the example given in [TTj. We will review this model construction in ^8.2i In Case 
(II) we deal with symmetric superderivations denoted as Ss in order to refer directly to 
|17j and to make the argument simpler. Such restriction, however, does not spoil the 
generality, since for any given non-symmetric (nilpotent) superderivation 6, one can apply 
each of 5s, 1 and 5s, 2 given as the linear sums of 6 and 6* (j2.9p to 6s in any statement that 
we will show, see Remark 15.141 in ^ 

Let a; be a state on J^. We note that uj is not necessarily supersymmetric. As be- 
fore, {tToj, J^uj, ^uj) denotes the GNS triplet for u), and 9Jta;(C *B(c^)) denotes the von 
Neumann algebra generated by the GNS representation. Upon uj and Ao (a 7-invariant 
*-subalgebra included in Vs) we assume 

T^uiiAo) is strongly operator dense in 971^. (3.20) 

For the time development, it is assumed that via the GNS representation of w, at induces 
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a (T-weakly continuous one-parameter group of *-automorphisms dt of dJl^j such that 



TTu>{at{F)) = dt{TTUF)) = U{t)TT^{F)U{t)-\ U{t) = e'^^ for every t G M, Fe -F(3.21) 

Here H is some self-adjoint operator on Jif^, and U{t) (t £ R) is the (strongly continuous) 
unitary group on Jifcj generated by H. Namely, the C*-dynamical system {T, M, at} 
induces a covariant representation [5i §2.7]. By (j3.2ip dt is pointwise continuous in t{£ M) 
with respect to the strong operator topology as well. The unitary group {U{t)}t£R is 
assumed to be smooth (strongly differentiable) in t on J^^o- 

^Uit)^ =i-H'e for any^G JC,o. (3.22) 
dt t=o 

From ([3:2T|) I^Mi), we have for any A e Ao and r] e 

lim^ ^^TT^{at{A))ri - TT^{A)r]^ = iH7r^{A)r] - iTr^{A)Hr], (3.23) 

since rj = -7Tu}{B)Q^ £ ^uio for some B G Ao, 

^{7r^{at{A))TTUB)n^ - 7T^{A)7TUB)n^] = i{e^*^7r^(A)e-^*^7r^(i?)Q^ - ^^(^)^. 
= ^{e**^7r^(A)(e-**^7r^(S) - 7rUB))n^} + ]{{e'''' - l)7rUAB)n^], 

which converges in norm to 

-i-K^{A)HTT^{B)n^ + iH-K^{A)7r^{B)n^ 

as t — )• by (13.22P and the uniform boundedness ||e**''^7rtj(A)|| < \\A\\. We make the 
following assumption: 

at{Ao) C Ao for each t G R. (3.24) 
Remark 3.11. Formally (j3.23p is expressed as 

t-o^ ^'^('^o(^)) on 

The above So{A) to indicate the time generator (I2.2ip is not an element of the C*-algebra 
F, see [m §4]. 

Remark 3.12. As noted previously in Remark 13.91 we do not assume (j3.24p for Case (I). 
So it is not correct that Case (I) (with stronger continuity) implies Case (II) (with weaker 
continuity). In fact, in the proof of the self-adjointness of supercharges in ^ the argument 
for Case (II) is simpler thanks to p.24p than that for Case (I) without this. 

Let 6s be a symmetric superderivation with its domain Ds^- To provide the super- 
symmetry algebra in terms of superderivations, we need to make sense of ^5g{A)' which 
actually does not exist as an element of F. We assume that for each A G .4o(C F>s), there 
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exists a net {Mj^ x G H J^'^jl^j with the index A G M+ (the positive real numbers) such 
that 

MaMA)^-^o. (3.25) 
We further assume the following convergence conditions: 

TTcoiMji^x) — >■ / in the strong operator topology of *B(J^) as A — >• oo, (3.26) 

and 

TTuj[5s{Mj\^^x)) — ^0 in the strong operator topology of 5S(J^) as A — oo, (3.27) 

where I and are the identity operator and the zero operator on Jif^. By ()3.25p and 
I^l2\i . 5s {Ma,x6s{A)) G T. By using the same notation in Def.4.3] let 

MA,xd!{A) := 6s {Ma,x6s{A)) - 6s{MA,x)dsiA) E T. (3.28) 

Remark that Ma^x^s(.^) does not mean the product of Ma^x and 6"^ (A) which is undefined. 
For A £ Ao, hy using its mollifiers {Ma^x £ AoCi F^}, the singular object '5^ (A)' can be 
approximated (in the GNS representation of oo) by well-defined elements in T. Roughly 
speaking, this may be comparable to the fact that the delta function is out of a smooth 
function space, however, it is approximated by smooth functions. 

Remark 3.13. In the concrete model analysis that will be summarized in §8.21 we will 
introduce the regularity of oo in the sense of \n\ Def.3.5] in (j8.7ip . This notion depends on 
the special C*-algebra i.e. the resolvent algebra considered there. By using the regularity 
of the state, some assumptions given so far in this subsection can be guaranteed. See [T^ 
for details. 

The next definition is essentially from Th.5.8 (iii)]. This will express normality 
of a state uj with respect to the underlying supersymmetry to ensure that the dynamics 
realized in oj (through its GNS representation) does not lose the intrinsic supersymmetry 
encoded implicitly in the C*-algebra. We assume that it is always satisfied in Case (II). 

Definition 3.14. Suppose that all the assumptions for Case (II) given in this ^3.21 (in 
addition to the standing assumptions given in ^ are satisfied. Let 5s denote the symmetric 
superderivation, let at denote the one-parameter group of *-automorphisms. Let cj be a 
state on F. Let (vr^, J^, fioj) denote the GNS representation for let M^o denote the 
dense subspace of defined as (|2.23|) . If 

-ij^'K^{MA,xat{A))7] ^^{Ma,x51{A))7] for every A e A and ?? G J^o, (3.29) 
where the derivation in the left-hand side is with respect to the norm of then it is 



'Following [17j Ma,\ can be taken from the even part. 
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said that u admits (weak infinitesimal) supersymmetric dynamics (with respect to 6^ and 
at). 



Remark 3.15. In Definition l3.14l the state uj is not necessarily supersymmetric. Thus ()3.29p 
is a weaker condition than the implementation of the supersymmetry algebra in the GNS 
Hilbert space for supersymmetric states given as Proposition 14.11 (For example, consider 
the same supersymmetric C*-dynamics as that in ^8.2[ Instead of the supersymmetric 
vacuum state (p given as (|8.97p . take the temperature state 93^ = (ficr /s'S^fhos (3 at the inverse 
temperature (3 for the same quasi- free time automorphism group, where iffer/s and ifhos i3 
are the corresponding (quasi-free) equilibrium states at /3 on the fermion system and on 
the boson system, respectively. (Note that the above (pfs is not the graded KMS functional 
given in [IT].) As any temperature state breaks supersymmetry, ipp does. Nevertheless, 
(|3.29p is still valid for oo = (pfj. 

Remark 3.16. The original formula of (j3.29p given in |17^ Th.5.8 (iii)] is 

-i^u:{CMA,xat{A)B) = oo{CMa,x51{A)B), (3.30) 



dt 



t=o 



for every A, B,C E Ao. Under (j3.23p which is presently assumed to hold, (|3.30p is equiv- 
alent to (I222I)- 

Remark 3.17. As the term 'strong-weak' anticipates, it is easy to see that Definition 13.31 
(or Proposition 13. 6p implies Definition 13.141 bv taking simply M^^x = 1 for all A and A. 



4 Supercharge operators for supersymmetric states 

Prom this section to the end of this paper, we focus on the case where supersymmetry is 
unbroken. We denote a supersymmetric state by ip. (So far, we have used uj to denote a 
general state which is not necessarily supersymmetric.) We treat Case (I) and Case (II) 
simultaneously in this section, since among the assumptions in ^ the dense property of 
= iT^{Ao)^!p in the GNS Hilbert space J^, is only used and no difference arises. 
For a supersymmetric state ip, supercharge operators are defined in terms of the su- 
perderivations in the GNS Hilbert space as follows. 

Proposition 4.1 ([IJ). Assume that ip is a supersymmetric state on T with respect to 
the superderivation 6 (in the sense of Definition 12.4] ). Let (vr^, J^, fi^) denote the GNS 
representation of ip. On the dense subspace = iri^{Ao)^ip (|2.23p of the GNS Hilbert 
space, let 

Qtt^{A)% := TT^{5{A))%, AeAo. (4.1) 
Then it defines a closable linear operator satisfying 

Q% = 0, (4.2) 
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and 



Q*% = 0, (4.3) 
where Q* is the adjoint of Q. The following operator equalities hold for A G 

7r^{S{A)) = Qtt^{A) - TT^{^{A))Q on J^^o, (4.4) 

7r^{6*{A)) = Q*Tr^{A) - Tr^{^{A))Q* on JT^o- (4.5) 



Proof. The statement has been given in [Ij Lem.2.1], though, we provide its proof for 
completeness. For B_^_ £ Al, B_ G A°, and A G Ao, 

{tt^{B±)%, tt^{S{A))%) = ip{B*±S{A)) 

= ip{±5{BlA) T S{Bl)A) 
= ip{TS{Bl)A) 

= {7T^{TS{Bi)Yn^, TT{A)n^) 

= {TT^{6*iB±))n^, Tr{A)%), (4.6) 

where in the second equahty the graded Leibniz rule, in the third (poS = 0, and in the last 
equality (j2.6p are used. It follows from (|4.6p and the dense property of in J^^p that if 
Trp{A)^p = 0, then TT^p(^6{A))Qp = 0. Hence Q is well-defined on J^o- As 6 is linear, Q 
is linear as well. Due to (j4.6p . the adjoint of Q is given on J^^o by 

Q*n^iA)np = TTp{6*iA))np, A £ Ao. (4.7) 

Hence the domain Dom(Q*) includes J^^o which is dense in By this Q is closable 

[sa vHi.i]. 

By (I23D QQ^ = QTrp{l)% = 7r^(5(l))f7^ = 0. Thus ^ holds. Since (p is invariant 
under 6* (j2.35p . we have (|4.3p in the same way. 

For A,B e Ao, hy noting (|i?T]) and AB G we have 

(Qn^iA) - TT^{j{A))Qy^{B)% = 7rp{S{AB))% - 7rp{j{A))TTp{S{B))% 

= 7Tp(5{A)B + -f{A)6{B)--f{A)6{B)'^% 

= 7rpi5{A))Tr^{B)np. (4.8) 

Hence ()4.4p is shown. By ()4.7p . ()4.5p is shown similarly. □ 

Remark 4.2. The above (j4.2p (j4.3p derived from unbroken supersymmetry of a state cor- 
respond to (jl.Sp . That is to say. Proposition 14.11 has founded the well-known, but a bit 
heuristic statement in physics that supersymmetry is unbroken if and only if the vacuum 
vector is annihilated by the supercharges |18j . 
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Proposition 4.3. Let 5s be a symmetric superderivation. Suppose that ip is a supersym- 
metric state on T with respect to 5s- Let Qs denote the linear operator implementing 5s in 
the GNS Hilbert space for ip. Then Qs (defined on Jif^po) is a symmetric operator. 

Proof. By (j4.ip (j4.7p . Qs implements 6s, while Ql implements 5*- As 5s = 5*, we have 

Qs = Qs oil J^ipo- □ 

By Proposition 14.1^ we can define the closure Q := Q** of Q. The next Propositions 
I4.4II4.5|[^^ are about the extension of Q on to Q related to the extension of to 
5 on Ds- 

Proposition 4.4. Let ip be a supersymmetric state on T with respect to the superderivation 
5. Let Q denote the closure of the densely defined linear operator Q on implementing 
5 in the GNS representation (tTi^, $7;^) for ip. If A £ Vs has a sequence {An G Ao} 
such that An — > A and 5{An) — > ^(^) the norm of J-', or TTp{An) — > "^ipi^) o,nd 
7rip(^5{An)) — > 7r^(5(A)) in the strong operator topology of^{J^yy) as n ^ oo, then 

7rp{A)% G Dom(Q), QTTp{A)% = 7rp{5iA))%. (4.9) 

Proof. By the assumption, 

TT^{An)^l,p — > 7rp{A)0,p in J^, and TT^{5{An))0,p — > TT^{6{A))il.^ in (4.10) 

as n — > oo. By (14. ip . 

Q^^(A„)0^ = Tr^{5{An))%. (4.11) 

By KWh (|44T]1 with the closedness of Q we obtain (149]) . □ 

Proposition 4.5. Let ip be a supersymmetric state onT with respect to the superderivation 
5. Let Q denote the closure of the densely defined linear operator Q implementing 5 in the 
GNS representation (vr^, $7^) for tp. Suppose that Ao is a cor^A for 5 in the norm 

of J- or in the strong operator topology of^{^^) via tt^, namely for every element in Ds, 
there exists a sequence in Ao satisfying the same convergence condition as in Proposition 
Then for each A G T>s, 



7r^(A)Dom(Q) C Dom(Q), (4.12) 

and 

7rp{5{A)) = Qn^iA) - TTp{^{A))Q on Dom(Q). (4.13) 



'^^The notion of cores is usually for closed linear operators (maps), but 5 (defined on Vs) in Propositions 
14.514.61 is not necessarily closed, see |22] . 
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Proof. Take t] G Dom((5). As is a core for Q (by definitfon), there is a sequence {rjn} 
in J^ipo such that 

— > 1], Qr]n — > Qr], as n oo. 

Hence for any A €z Dg, 

TT^{A)r]n — > 7r<^(A)ry, as n oo. 

As ??„ e .y^o, ??n = 7r^(-B„)fi<^ with some 

By the assumption (|4.9p is valid for any element of Ds- Hence by applying this to 
ABn G Vs, we have Tr^{ABn)i^^ = 7r^(A)r/„ S Dom(Q), and 

QTT^{A)rjn = Q7ry,{ABn)^ip 
= -K^{6{ABn))% 

= TT^{5{A)Bn+7{A)5{Bn))n^ = 7T^{6{A))TT^{Bn)% + TT^{j{A))QTT^{Bn)n, 

= ir^{6{A))rjn + TTyy{j{A))Qr]n. 

The right-hand side converges to 7r<^((5(^))ry + TT,p['j{A))Qr] as n — oo. As Q is closed, it 
follows that iT,piA)r] = lim„ 7r^(^)r/„ G Bom{Q) and Q'K^{A)ri = ■n^{5{A))r]+T:^{j{A))Qr]. 
Now ([il^ and (j^H]) are proved. □ 

The next one is about the definition of super symmetric states. It is not used in this 
paper. 

Proposition 4.6. Suppose that ip is a supersymmetric state on T with respect to the 
superderivation 6 in the sense of Definition \TM namely is invariant under 6 on Ao- 
Let (vTip, J^^, Q^p) denote the GNS representation of ip. Then if Ao is a core for 6 in the 
norm of T or in the strong operator topology of ^{J^^p) via the GNS representation tTi^, 
then the 6-invariance of (p is extended to Vs, namely, 

ip {5{A)) = for every A £ Vg. (4.14) 

Proof. For each A G Vs, there exists {An G Ao} satisfying (|4.10p by the assumption. 
From <p{6{An)) = (fl^, 7T^{5{An))%^ = for each n, <p{6{A)) = (q^, tt^{5{A))%^ = 

lim„(^0<^, 7r^(5(A„))0^^ = follows. □ 

Remark 4.7. The assumption of Proposition 14.61 is satisfied by the example of Case (I) 
(supersymmetric fermion lattice models of finite range interactions) in ^8.11 as ()8.56p . 

For the remainder of this paper, we always consider the closed extensions of Q and Qs 
(which were originally defined on the dense subspace c?^o)- We will denote them simply 
by Q and Qs- When necessary, we will explicitly indicate the domains, as Q\.^^„ or Q 
on J^ipo etc. Note that Qs is symmetric as it is the closure of the symmetric operator 
Proposition 14.31 
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5 Representation of the super symmetry algebra under un- 
broken supersymmetry 

We have defined supercharges in the GNS Hilbert space for supersymmetric states in ^ In 
this section we shall see how the supersymmetry algebra is implemented as operator forms 
in the GNS Hilbert space by providing detailed analysis of the supercharge operators. In 
^S.ll and ^5.2\ several preliminary results are shown respectively for Case (I) and for Case 
(II). In ^5.31 the self-adjointness of supercharges and the exact operator formulae of the 
supersymmetry algebra are established for both Case (I) and Case (II). 

5.1 Preliminaries for Case (I) 

In this subsection, the assumptions on C*-dynamics given in ^3.11 are all satisfied. It 
is fairly straightforward to see how the supersymmetric C*-dynamics for Case (I) (as in 
Definition 13.31 and Proposition 13. 6p is realized on the dense subspace = 7r^(^o)^^<^ in 
the GNS Hilbert space for a supersymmetric state (p. This will be done in Proposition 15.21 
after showing the time-invariance of supersymmetric states. 

Lemma 5.1. Assume the supersymmetric C* -dynamics for Case (I) given in H'6.1[ Let at 

{t G M) denote the strongly continuous one-parameter group of automorphisms of T and 
let 5o denote its generator. Suppose that ip is a supersymmetric state on T with respect 
to the superderivation 6. Let (vr,^, Q^) denote the GNS representation for tp, let 

= vr^(J-")" C !B(J^), and let = 'n;p{Ao)^y:,- Then 

o <5o = on Vso, (5.1) 

ip {at{F)) = ip{F) for every t € M and F e T. (5.2) 

Furthermore, there exists a a-weakly continuous one-parameter group of *- automorphisms 
at ofdJl^ such that 

TTp {at{F)) = at (vr^(F)) = U{t)TTp{F)U{ty'^ for every t G M and F € F, (5.3) 

where U{t) = e**^ {t € M) is the strongly continuous unitary group on generated by a 
self- adjoint operator H satisfying 

H% = 0. (5.4) 

Also 

every A £ A.o, (5-5) 
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and 



HJ^^o CJ^^o. (5.6) 

Proof. As if is supersymmetric, if o 6 = on Ao, and also ipo 5* = on Ao due to (|2.35p . 
Thus from (|3.9p (13.10p (13.12P it follows that 93 o (5o = on Ao- As this invariance can be 
extended from to the whole Vs^ by (j3.6p . we have (|5.ip . As as(A) G for any s G M 
and A £ Ao{C 'C'sq), we have ip{at{A)) - ip{A) = i Jl^ip[So{asiA)))ds = i £Ods = 0, i.e. 
Of-invariance of (p on Ao- As Ao is dense in and at is strongly continuous, we obtain 

([521). 

We can define for each t G R a unitary operator U (t) on by 

U{t)TT^{F)%:=7r^{atiF))% for F G ^, (5.7) 

since (|5.2p yields for any F,G £ 

{U{t)Ti^{G)%, U{t)Ti^{F)^^) = {Ti^{at{G))%, ^^{at{F))^^) 

= TT^{at{G*F))%) 

= ip{at{G*F)) 

= ^iG*F) 

= (7r^(G)f]<^, 7r^(F)r2^) , 

hence U{t) given as ()5.7p is isometric on the dense subspace tt^{J^)^1^, and it is uniquely 
extended to a unitary operator on J^. By the strong continuity and the group property 
of at, {U{t)}t(^M. is a strongly continuous unitary group on J^. 

Let at '-= Ad(C/(t)), t G M, a unitary automorphism group on !B(J^). By (j5.7p . we 
have for any F,G £ F, 

U{t)TT^{F)Uit)-^7r^iG)% = U{t)TT^{F)TT^{a^tiG))% 

= U{t)TT^{Fa-t{G))% 

= 7r^{at{F)G)n^ 

= 7r^{at{F))TT^iG)%. 

As TTyy{F)Qyy is dense in J^^, we have U{t)TT^{F)U{t)^^ = 7r^(at(F)). Furthermore, at 
gives a *-automorphism of DJt^ by extension. Therefore at {t G M) gives the desired 
(T- weakly continuous one-parameter group of *-automorphisms on 9Jt<^. 

By Stone's theorem [33, VIII.4] and U{t)^l^ = il^ due to (|5.7p . there exists a self- 
adjoint operator H such that U{t) = e**^ and = 0, i.e. (|5.4p . Hence by (j3.2p and 

lmii(^?7(t)7r<^(^)Sl<^ - 7r^(^)17^) = iH-K^{A)% = iTi^{5Q{A))% 
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is satisfied for any A G Vs^, and obviously for any A G Ao{C T^Sq)- We have shown (jS.Sp . 
Finally, ([SSD follows from (l3l^ and ([53]). □ 

Proposition 5.2. Assume the supersymmetric C* -dynamics for Case (I). Let if he a su- 
persymmetric state on T with respect to the superderivation 6. Let Q denote the closed lin- 
ear operator implementing the superderivation 5 in the GNS representation (vr,^, J^^, Oi^) 
for if, and let H denote the self-adjoint operator of the time generator in satisfying 
(j5.3|) (j5.4|) in Lemma I^TTl Define 

Qs,i:=Q + Q* Qs,2 ■■= i{Q - Q*) (5.8) 

with the domain Dom(Qs,i) = ^om(Qs 2) = Dom((5) H T)om(Q*) . Then 

Jif^o C Dom(Qs,i), J^^o C Dom(Q,,2), (5.9) 

Qs,iTr<fii^)^<p = 'n'ip {Ss,i{A)) 0,^, Qs,2'n'ipiA)0,^ = ir^{6s,2iA))^<fi for any AgA^^AO) 
and 

Q'^^ipO ^ ^^^^^ O ) Q '-^^ip O ^ ^^^^^ O ; ^S,1^^^^0 ^ ^^^^^ O ; Qs,2^^^^ O ^ ^^^9 O . (5.H) 

g2 = 0, Q*^ = 0, (5.12) 

as unique extensions of densely defined hounded linear (i.e. zero) operators, 

Qs,iQs,2 = -Qs,2Qs,i onJif^o, (5.13) 

C Dom(QQ*)nDom(Q*Q), Jf^^ o C Bom{Ql^) , Jf^^ o C BomiQl^) , (5.14) 

H = QQ* + Q*Q = Ql^ = Ql^ on J^^o, (5.15) 

[i/, Q] = [H, Q*] = [H, Qs,i] = [H, Qs,2] = 0. (5.16) 

Proof Let A denote an arbitrary element of Ao- By ([2:9]) (fil^ (fiTH) ([IS]), we verify (USD 
and (fETO|l . From ([SJl) (f3l^ gZD (|5l^ . we have (|5lT]) . By (fSlTT) 

QQ7r^(^)n^ = Qtt^ (5(A)) = TT^ {S{5iA))) = tt^{5 ■ 5(A)) fi^ = On^ = 0, 



24 



and 



Q*Q*^^{A)^l^ = 0. 

Thus and Q*^ vanish on .^o- Since J^ipo is dense in J^^p, their unique bounded 
extension are both 0, so (15.12P is shown. Similarly we obtain (I5.13P from (j3.15p . By (I3.12P 
(1236]), 

7r^(5o(^)) = vr^(5 • 5* {A) + 5* ■ 5{A)) = 7r^(5s,i • = vr^(^s,2 • 4,2 (A))- (5.17) 

By (liTTD m 

7r^(,5 • 5*(^) + 5* • 5{A))^^ = {QQ* + Q*Q) 7:^{A)%. (5.18) 

By dHini) 

vr^(5s,i • 6s,i{A))n^ = Ql^TT^{A)n^, TT^{ds,2 • 6s,2{A))% = Ql2TT^{A)%. (5.19) 

Hence by ([53]) (fSTTP ([5J8|) (f5l^ . we obtain ([5J5|) . Using the algebraic relations (f5l^ 
and (|5.15p . we verify the commutative relations in (|5.16p on the dense space J^^o- This 
is what (|5.16p exactly means. □ 

Later in the proof of Theorem 15.111 in ^5.31 we need a dense subspace of the GNS 
Hilbert space J^, of a super symmetric state f that has some nice properties not possessed 
by J^y^o in Case (I), see Remark 15.91 in ^5.2[ We will introduce such subspace in the 
following. Let =5^(R) denote the set of all infinitely differentiable functions on M whose 
any derivatives fall off more quickly than the inverse of any polynomial. For F £ and 
/ G o5^(M), define the smeared element under the time development 

Ff := Jdtf{t)at{F) eT. (5.20) 

We see that Ff so defined belongs to F due to / € o5^(M) and the norm continuity of 
at{F) in t S M. Similarly, let 

TT^{F)f := jdtf{t)at{TT^iF)) = n^iFf) G Tl^, (5.21) 

where the Riemann integral is taken with respect to the cr- weak topology on 971,^. Let 
^(foy denote the finite linear span of 

{TT^iA)f; AgAo and / G ^(M)}. (5.22) 

The subscripts of Tl^^oy will indicate the state ip, the underlying subalgebra Ao and 
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y{R). Let 



J^ipoy '■= Tl^oy^ip C J^ip. (5.23) 

It is a dense linear subspace oiJ^^, since 'ir^{Ao)^ip is dense in by (j3.5p and 7r(p(^)g^r2<^ G 
J^ipoy — ^ 7r(^(A)r2<^ as n — )• oo for any ^4 G ^o, where gn{t) ■= y^e~"*^ (n G N) which 
tend to the delta function at t = as n — )• oo. From (|5.2ip to (j5.23p . can be any state 
on J^. But as was noted before, the state denoted by ip is always super symmetric. 

Proposition 5.3. Assume the supersymmetric C* -dynamics for Case (I). Suppose that ip 
is a supersymmetric state on T with respect to the superderivation 6. Let (vr,^, Jif^, $7;^) 
denote the GNS representation for ip. Let H and U{t) = e^^^ {t G M) denote the self- 
adjoint operator and the unitary operator implementing the time development in the GNS 
representation as (j5.3p (j5.4p . Then for any A G ^o, / G -5^(1^); s G M 

U{s)7r^iA) f% = TT^iA) f^%, (5.24) 

Uis)J^^oy C J^^oy. (5.25) 

Also 

J^^oy CBomiH), Htt^{A) f% = -7r^{A)^f,% = TTp{6o{A)) (5.26) 
where /^(t) ■= f{t- s) and f'{t) = j^f{t), and 

HM'ipoy C M'lpoy- (5-27) 
Proof. By dOB (fOD dOjl we have for any ^ G A, / G ^(K), 

C/(s)^^(^)/r?^ = C/(s) jdtf{t)atMA))% = Uis) jdtf{t)at{7r^{A))U{-s)n^ 
= jdtf{t)at+s{T^^{A))% = jdtfs{t)at{iT^{A))% = ^^{A)f^%, (5.28) 

which is (|5.24p . The next (|5.25p immediately follows (|5.24p . We see 



1 / „ , „ \ Id 



lim —\U{s)'K^{A)fQ.^ - 'K^{A)fVL^\ = --—TT^{A)f^Q.^ -'K^{A)_fi9. 



1 



=0 ^ 



where the t-integral and the s-derivation on the formula (I5.28P is exchanged, since '^^ ^^^^ 
converges to —f'{t) uniformly in t G ffi as s — )• due to / G =5^(M). Thus ■K^{A)fQ^ G 
Dom(if) (which implies J^^poy C Dom.{H)), and i/7r<^(A)jr2<^ = i7r^(A)_j/il(p. By (j5.3p 
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([Oil (|53]1 . we have (fOej) as 

7r^{6oiA))^% = Jdtf{t)at{TT^{6o{A)))% = Jdtf{t)U{t)7r^{5o{A))% 

= jdtfit)U{t)HTT^{A)n^ = jdtf{t)HU{t)T:^{A)n^ = HTT^{A)fa^, 

where e**^i? = He^^^ on T>om.{H) and the closedness of H are noted. Finally, ()5.27p 
follows from (l3l^ (lOGll . □ 

Lemma 5.4. Assume the supersymmetric C* -dynamics for Case (I). Let ip be a super- 
symmetric state on T with respect to the superderivation 6. Let Q denote the closed linear 
operator implementing 5 in the GNS Hilhert space for ip. Then for each t G M 

vr^(at(A))f^^ C Dom(Q), (5.29) 

ifi — TTip {at {6 (A))) for any A £ Ao- (5.30) 
Proof. By (j3.19p . Proposition 14.41 applies to every element of at{Ao) giving (j5.29p and 

QTT^{atiA))% = ir^ {S{at{A))) %. 

By this and (IXTTI) . we have (fOOjl . □ 

Proposition 5.5. Assume the supersymmetric C* -dynamics for Case (I). Let ip be a 
supersymmetric state on J- with respect to the superderivation 5. Let Q denote the closed 
linear operator implementing 5 in the GNS Hilbert space for ip. Then 

J^^o.y C Dom(Q), Q^^{A)f% = t:^{5{A)) for any A^AoJ £ ^(M). (5.31) 

Proof. Take 7r<^(^)/ G Tl^o,^ with A G A and / G ^(M). By definition dOT]) . 
'i:^{A)fVL^p G J^ipo.y is approximated in norm by the Riemann sums 

Y,f{tl)^^{ati{A)){tk-tk-i)%eJ^^, tl£[tk-i, tk]. (5.32) 

k 

By ()5.30p . each summand of this (|5.32p is in Dom(Q) and 

QTT^{atiiA))% = TT^ (^5{ati{A))^ % = vr^ (at*((5(A))) 
As the Riemann sums 



Y,f{tl)^^[^ti{5{A))) {tk-tk-i)% (5.33) 

k 

converge to 7r^((5(A)) in norm and Q is closed, we obtain ()5.3ip . □ 
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Remark 5.6. It is obvious that Lemma [5.4l and Proposition 15 . 51 are valid for the superderiva- 
tions 6*, (5s,i and 5s,2- 

The formula of the super symmetric Hamiltonian on rJ^ipoy is immediately given as 
follows. It is much the same way as that on Jif^po (|5.15p . 

Proposition 5.7. Assume the supersymmetric C* -dynamics for Case (I). Suppose that 
(p is a supersymmetric state on T with respect to the superderivation 5. Let Q denote the 
closed linear operator implementing 6 in the GNS Hilbert space for ip. Similarly let 
Qs,! cind Qs,2 denote the closed symmetric operators implementing 6s,i and 6s,2 in 
respectively. Let H denote the self-adjoint operator of the time generator in Jf^ satisfying 
([^ (1^ . Then 

=^v'°^CDom(Q*Q), jr^o,y'CDom(QQ*), J^^o^cDom(Qs,iQs,i), =^^o,_rCDom(Qs,2Qs,2!S5.34) 
and for any A G o,nd f G o5^(M) 

{Q*Q+QQ*)t:^{A) f% = QliTT^iA) = Ql^TT^iA) fn^ = HTr^{A) jQ^ = ^7r^(A)_j,0^5.35) 

Proof By ^ KW\i d{A) G Ao,6*{A) £ G A,5s,2(^) S Ao for any A E Ao- 

Hence using (|5.3ip in Proposition 15.51 and (j3.12p . we have 

iQ*Q + QQ*)T^M)f% = Q*TT^{6{A))^n^ + QTT^{6*{A))^% = 7T^{6* ■6{A))^Q^ + 7r^{6-6*{A))^n, 

= TT^[SoiA)) j^n^. 

By ()3.16p . similarly 

Qs,iQs,i'^<fi{A)fQyy = Qs,2Qs,2'^<fi{A)f = TT^[5o{A)) j:^}^. 
From these and (j5.26p . the statement follows. □ 
5.2 Preliminaries for Case (II) 

In this subsection, suppose that the assumptions on C*-dynamics (including the states) 
for Case (II) given in §3.21 are all satisfied. First the time-invariance of supersymmetric 
states will be shown. 

Lemma 5.8. Assume the supersymmetric C* -dynamics for Case (II) given in ^3.21 Let 
6s denote the symmetric superderivation, and let at denote the one-parameter group of 
*- automorphisms. If ip is a supersymmetric state on J- with respect to 5s (in the sense of 
Definition \2.4:\) . then ip is at-invariant, 

ip {at{F)) = p{F) for every i G R and F e J='. (5.36) 

There exists a a-weakly continuous one-parameter group of automorphisms at of 971,^ 
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(the von Neumann algebra generated by the GNS representation for ip) such that 

TT^ {at{F)) = at (vr<p(F)) = U{t)Tr^{F)U{t)-^ for every teR and F eF, (5.37) 

where U{t) = e**^ {t G M) is the strongly continuous unitary group on M'^ generated by a 
self-adjoint operator H satisfying 

Hn^ = 0. (5.38) 

That is to say, in the formula (j3.2ip for u = (p, the self-adjoint operator H is chosen so 
that (j5.38p is satisfied. Also 

U{t)je^o C Jif^o foranyteR, (5.39) 



dt 



t=o 



iH^ for any ^ S JCjo- 



(5.40) 



Proof. Let us take oj = and rj = Q.^p ^ o in (j3.29p of Definition I3.f4l which is the 
general formula of supersymmetric dynamics assumed for Case (II). We have then for any 
A^Ao 



d 



i-^{MA,xat{A)) 
dt 



d 



= -i- {%, n^{MA,xatiA))n^) = {Q^, 7t^{Ma,x5^,{A)P^) = ^ (M^.a^s (^I>-41) 
Recalling (j3.28p we compute the right-hand side of this as 

if {Ma,x6^AA)) = V> mMA,x5,{A))) - ^ {UMaMA)) 
= - ti^{5^{Ma,x))ti^{5s{A))%) , 

where (Jg-invariance of ip on and Ma,x5s{A) G are noted. Hence as A — )• oo, the 
right-hand side of ()5.4ip converges to due to (13.270 . while the left-hand side of (I5.4ip 
converges to —i^r'P (at(^)) due to ()3.26p . Thus for any A ^ Ao 



d_ 

di 



t=0 



As at{A) G for every t G M by (|3.24p . this implies 



accordingly 



-cp{at{A)) = 0, 



ip {at{A)) = Lp{A) for every t G M, Ae Ao. 



(5.42) 



We shall remove the restriction A G ^o' in the above. Define a linear operator U{t) on 
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JCo by 



U{t)TT^{A)%:=Tr^{at{A))% ior A £ Ao- (5.43) 

By using ()5.42p ()5.43p we see for any A,B £ Ao 

{Uit)Tr^{B)%, U{t)7T^iA)%) = {7r^{at{B))%, Tr^{atiA))%) 

= 7r^iatiB*A))%) 

= ip{at{B*A)) 

= ^iB*A) 

= {tT^{B)%, 7T^{A)%) . 

Hence U {t) is a (well-defined) isometry on the dense subspace J^,o and it extends uniquely 
to a unitary operator on Such unitary operator will be denoted by the same symbol 
U{t). For any t G M fixed, the map TT^p^F) — )• iT^p[at{F)), F £ F, is given as a unitarily 
implemented isomorphism of TT,p{F) by (j3.2ip . Thus it follows from (j3.20p (j5.43p that 

U{t)irp{F)% = 7r^{at{F))np for every F e -F. (5.44) 

By the defining relation (|5.43p and the continuity of iTip{at{A)) with respect to t G M in 
the strong operator topology p.2ip . {U{t)}t£M. gives a strongly continuous unitary group 
satisfying 

U{t)% = (5.45) 

Hence by Stone's theorem, there is a self-adjoint operator H such that 

U{t) = e**-^, H% = 0. 

By (imp , for any F,G,K £ F, 

{Trp{K)np, U{t)TTpiF)Uit)-^TrpiG)%) = (7r^(i^)l^^, [/(t)7r^(F)7r^(a_t(G))l7^) 

= {TTp{K)%, Uit)7rp{Fa^t{G))np) 
= {Trp{K)np, Tr^{atiF)G)np) 

= {TTp{K)%, TTp{atiF))TTp{G)%) . 

As tt{F)%{d jr^o) is dense in J^, U{t)TT^{F)U{t)-'^ = 7r^(at(F)) for every F £ F. 
This together with ([SliS]) yields (f06]) . Let for each t £ M 

at {X) := U{t)XU{t)-^ for X £ M^. (5.46) 

This gives a cj-weakly continuous one-parameter group of *- automorphisms of 971,^ that 
fulfills ([OTP ([OH]) so far been shown. From ([STM]) ([03]) we have ([09l) . As it has been 
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shown that {U (t)}ieR given in this proof is a special example (satisfying (|5.38p ) of that in 
dMI]), (ICTD obviously follows from (l3:22D . □ 



Remark 5.9. The above ()5.39p does not hold for Case (I). This is because in general (|3.24p 
is invalid for Case (I). 

Proposition 5.10. Assume the supersymmetric C* -dynamics for Case (II). Suppose that 
ip is a supersymmetric state with respect to the symmetric superderivation 5s. Let Qs 
denote the closed symmetric operator implementing 5s, and let H denote the self-adjoint 
operator of the time generator satisfying (j5.37p ()5.38p in the GNS Hilbert space for ip. 
Then 

Jf^o CBomiQl), H = Ql on JT^o- (5.47) 

Proof. By taking uj = (p and r] = Q.^p ^ J^ipo in (|3.29p . for any A ^ Ao 
d 



-i-7r^{MA,xatiA))% = 7r^{MA,xS^siA))% 



= vr^ mMA,xSs{A))) % - vr^ {5s{Ma,x)) vr^ [5s{A)l'Sl^E) 

By ([QT]) (fOH]) (fOO]) . the left-hand side of (fOHl) is 'k[Ma,x)H'k^{A)9.^, while the right- 
hand side of ([538]) is QsTT^{MA,x)QsT^^{A)Vt^--K^{5s{MA,x))QsT^^{A)% by QsTt^{B)% = 
7r^{6s{B))n^ for any B e Ao due to (jH]) and Ma,a4(A) G Ao due to IK2E\\ . Therefore 

MA,xH7r^{A)% + 7r^{5s{MA,x))QsTr^{A)% = Qs7r^{MA,x)QsTr^{A)%. (5.49) 

By (j3.26p the first term in the left-hand side of (|5.49p converges to HTTip{A)Q^, and by 
(j3.27p the second term converges to as A — )• oo. Let us consider the right-hand side 
of (|5.49p . Since TTyy{MA^x)Qs'^ipiA)^l^ — )• Qs'7T^{A)Qy, as A — )• oo due to (|3.26p . and Qs 
is closed by definition, we conclude that Qs'7T^p{A)Q^p G Dom((5s) and QsQs'^ipiA)0,^p = 
HTT^iA)n^. Now (fOTjl is shown. □ 

5.3 Self-adjointness of supercharges and the supersymmetry algebra re- 
ahzed in the GNS space 

The state ip under consideration remains to be supersymmetric in this final part of ^|5l 
We shall provide 'complete' operator equalities representing the supersymmetry algebra 
based on the preliminary ones given in ^5.11 for Case (I) and in ^5.21 for Case (II) . In this 
subsection, we treat both Case (I) and Case (II), and we shall always consider symmetric 
superderivation 5s. As was noted in Remark 12.11 of ^|2l 5s will denote 5s, i or (5s, 2 given as 
(|2.9p for Case (I). Hence in Case (I), the supersymmetric dynamics in terms of 5s^i and 
5s, 2 as in Proposition 13.61 is now satisfied by 5s. Of course, in Case (II) the supersymmetric 
dynamics in Definition 13.141 is satisfied by 5s . 

In the next theorem we will show the self-adjointness of the supercharge operators using 
a proof method found e.g. in [23l Prop. 4. 5] [271 Lem.5.7]. It is based on the following 
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basic fact of functional analysis, see e.g. [33^ Th. VIII. 3, Th. X.24]: Suppose that T is 
a symmetric operator on a Hilbert space. Then T is essentially self-adjoint if and only if 
Ran(T it il) is dense. Suppose that T is a non-negative symmetric operator on a Hilbert 
space. Then T is essentially self-adjoint if and only i/Ran(r + /) is dense. 

Theorem 5.11. Assume the supersymmetric C* -dynamics for Case (I) given in ^3.11 or 
that for Case (II) given in H'6.2[ Assume that the superderivation is symmetric and it is 
denoted as 5s . Suppose that ip is a supersymmetric state on T with respect to 5s. Let 
(vTip, J^ip, 0^) denote the CNS representation for tp. Let Qs denote the closed symmetric 
operator implementing 6s in the CNS space and let H denote the self- adjoint operator 
of the time generator in given in Lemma \5.1\ or in Lemma [5.81 Then (by definition) 

Qs% = = Hn^. (5.50) 

Furthermore 

H = Ql (5.51) 

as the exact operator equality, and any core of H is a core for Qs . 

Proof. First of all, remark that (j5.50p stated in this theorem has been already given in 
(j4.2p and (j5.4p (j5.38p . (For the purpose of convenient reference, we put them here together 
giving the new equation number.) 

We consider Case (I). By (|5.25p (|5.26p J^^oy is invariant under the unitary operators 
U{t) = e^^^ , f G M, and U (t) is strongly differentiable with respect to t £ M on any element 
of J^,oy- As J^ipoy is dense in Jif^,, H is essentially self-adjoint on J^^poy by the famous 
resuh [Ml Th. VIII. 10]. 

As Qs is symmetric, Q*sQs ^ QsQs- By this together with (|5.35p H = QlQs on 
J^ipoy, so H is positive on J^o,_r- (Note that Qs refers to Qs,i or (5s,2 in (|5.35p .l Since 
J^ipoy is a core of the self-adjoint H as we have noted, H is a positive operator. Hence 
Ran(i7+I)f,#^„^ is dense in By (lOSll . H+I = {Qs+iI){Qs-iI) = {Qs-iI){Qs+iI) 
on J^ipoy, and hence each of Ran(Qs + 'i'I)\M'^os' ^^'^ Ran(Qs — il)f,^^^^ is dense in Jif^p. 
Therefore, as Qs is symmetric, it is essentially self-adjoint on J^^poy. As Qs is assumed to 
be a closed operator, it is self-adjoint. Accordingly Qg is self-adjoint on the same domain 
as Qs. We have seen that H and Qg are self-adjoint operators that coincide on J^^poy. As 
Jifipoy is a core for H, the exact operator equality (j5.5ip is satisfied. This immediately 
implies that any core of -ff is a core for Qs by repeating the above argument. 

For Case (II) we can use the same proof as above by taking simply Jif^o in place of 
Jiftpoy. This is because in Case (II) J^^o is invariant under U{t) (j5.39p and U{t) is strongly 
differentiable with respect to t E M on each element of (|5.40p . □ 

Theorem 5.12. Assume the supersymmetric C* -dynamics for Case (I) given in §3.11 or 
that for Case (II) given in ^3.21 Suppose that ip is a supersymmetric state on T with respect 
to the symmetric superderivation 5s. Let [tt^, Jif^p, Q^p) denote the CNS representation for 
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99. Let Qs denote the closed symmetric operator implementing 5s in Jif^p. Suppose further 
that the supersymmetric state ip is even. Let T denote the self-adjoint unitary operator 
implementing the grading automorphism in Jif^ by Ad(r) as ()2.26p (|2.27p (|2.28p . Then 

rDom(Qs) = Dom(Qs), Ad(r)(Qs) = -Qs, (5.52) 

and 

Qs=^^ ^) «^ ^v = ^^+®^^-' (5-53) 

where D is a densely defined closed operator from Dom(Z)) C to 

Proof. First we consider Case (I). By the oddness of the super derivation ()2.3p together 
with (|2:20P (|2:27D (l2:28D ([OT]) . we have for any 7r^(^)/0<p G =^o.r, AeAoJe ^{^), 

= 7r^(7(5s(A)))^0^ = -7rp{6s{jiA))) 

= -QsTTp{7{A))^% = -Qs{rTr^{A)fT)% 

= -Qsr7r^{A)f%. (5.54) 

As J^ipoy is a core for H, and it is also a core for the closed operator Qs by Theorem 
[5TTI ([CTll implies rDom(Qs) C Dom(Qs) and TQs C -QsF. Noting T^^ = T we have 
Dom(Qs) = rrDom(Qs) C rDom(Qs). Therefore ([532]) follows. 

For Case (II), we can similarly derive FQs = — QgF on J^^po (|5.54p . As J^^o is a core 
for H, it is also a core for Qg. Therefore (j5.52p holds in much the same way. 

By (p33]) (15321) Qs has the off-diagonal matrix form, and by \2T, 5.18 in §5.2.2] ([533]) 
is shown. □ 

Remark 5.13. For the other convention FO;^ = — 0^^, namely, uj being fermionic as well, 
([53i|) is valid as 1 x 1 = (-1) x (-1). 

Remark 5.14. We shall make a comment upon how to generalize the results given in 
this subsection to general (not necessarily symmetric) superderivations. Let 5 be a non- 
symmetric superderivation that satisfies the nilpotent condition '5 ■ 5 = 0\ There are two 
symmetric superderivations 5s,i and 6s,2 (|2.9p corresponding to 5. The supersymmetric 
dynamics in the sense of Proposition 13.61 for Case (I) and that in the sense of Definition 
13.141 for Case (II) will be satisfied by each of (5s, i and 5s,2- Suppose that ip is an even 
supersymmetric state with respect to 5. By Proposition 12.51 y is also supersymmetric with 
respect to 5s,i and 6s^2- Hence by applying each of 4,1 and 5s,2 to 6s in Theorems 15.111 
I5.12t it follows that Qs,i and Qs,2 are both self-adjoint operators satisfying 

Qs,!^!^ = = Qs,2%, H = Ql^ = Ql^, Ad(r)(Qs,i) = -Qs,i, Ad(F)(Qs,2) = -Qs,^5.55) 



The above argument leading to ()5.55p is not completely rigorous in Case (II), whereas 
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it is rigorous in Case (I). Let us indicate the problems by comparing Case (II) with Case 
(I). In Case (I), the nilpotent condition is exactly (j3.1ip in Definition 13.31 In Case (II), 
however, the nilpotent condition is not explicitly defined; it should be properly formulated 
(probably by using the mollifiers as in Definition 13. 14p . In Case (I) the equivalence of the 
supersymmetric dynamics in terms of 5 and its conjugate 5* as in Definition 13.31 and that 
in terms of symmetric (5s,i and (5s,2 as in Proposition 13.61 has been verified. For Case (II), 
having exploited such equivalence of the supersymmetric dynamics without proof, we have 
claimed that each of (5s, i and 5s, 2 satisfies the supersymmetric dynamics in Definition l3.14[ 

6 Set of supersymmetric states 

We shall study the set of supersymmetric states in the state space of the C*-algebra. First 
we recall the precise mathematical meaning of ground states, see e.g. [5' Def. 5.3.18]. 

Definition 6.1. Let J-" be a C*-algebra. Let at {t G M) be a one-parameter group of 
♦-automorphisms on T, and let V be a state on T. Let (vr^, Q^) denote the GNS 

representation for tp. Suppose that there is a self-adjoint operator H that implements at 
in the GNS Hilbert space Jif^ as 

Uit) = e''", vr^ iat{F)) = U{t)T:^{F)U{t)-^ for F G ^. 

If H is non-negative, 

^ > 0, 

and H annihilates the cyclic vector, 

H^l^ = 0, 

then ^p is called a ground state with respect to at- 

Note that this definition is very general, not requiring other assumptions on at and J-. 

does not need the grading structure.) The next two statements were already given in 
[H Prop. 2.2] under a similar setting to Case (I). Our new proof is based on Theorem 15. IH 
the supersymmetry algebra realized in the GNS Hilbert space for a supersymmetric state, 
and it works for both Case (I) and Case (II). In this section, by using an abuse of notation, 
the super derivation under consideration is denoted as 5, whether it be symmetric (as is 
always the case in Case (II)) or non-symmetric. 

Theorem 6.2. Assume the supersymmetric C* -dynamics for Case (I) given in ^3.11 or 
that for Case (II) given in ^3.2[ If ip is a supersymmetric state on T with respect to the 
(symmetric or non-symmetric) superderivation 5, then it is a ground state with respect to 
the time automorphism group at- 
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Proof. By ()5.50p ()5.5ip in Theorem 15 . 1 1 1 the condition of Definition 16. II is satisfied. There- 
fore ip is a ground state with respect to a^. □ 



Theorem 6.3. Assume the supersymmetric C* -dynamics for Case (I) given in §3.11 or 
that for Case (II) given in ^3.2[ Then the set of supersymmetric states with respect to the 
(symmetric or non-symmetric) superderivation 5 is a face in the state space of J-'. That 
is to say, if a supersymmetric state on J- with respect to 6 is written as a finite convex 
sum of states, i.e. ip{F) = J2i K'fii{F) holds for every F £ F, where Aj > 0, Yli ^« = 1; 
and each ipi is a state on T , then each ipi is supersymmetric with respect to 6. 

Proof. For a given superderivation 6, if the statement is true for the symmetric 5s, i and 
5s,2 given as (j2.9p . then it is true for 6 by Proposition 12. 5[ Thus it is enough to prove the 
statement for any symmetric superderivation 6s satisfying the assumption. (Note that for 
Case (II) the superderivation is always symmetric ^3.21 ) 

Due to [5j Th.2.3.19.], for any component state <pi in the state decomposition of <p 
there exists a projection p' in the commutant 9Jl'^ of Tl,p in !B(J^) such that c := ip{p') = 
(O^, p'Q^) > and 

•fiiF) = ^{p%, 7r^{F)p'n^) = ^{%, 7r^{F)p'n^) for F £ J^, (6.1) 

where we recall if{F) = (0,^p, 7r^{F)QipY Since (/9 is a ground state by Theorem 16.21 
the positive Hamiltonian H is affiliated to dJl^ [32] [161 Coro.2.4.7]. By this we mean 
that H commutes with any operator in SOT'^ Def.2.5.7]. Thus p'Dom{H) C Dom(H), 
p'H C Hp' . From this and ()5.50p it follows that 

p% £ Dom{H), Hp'% = 0. (6.2) 

By ()6.ip (vrtp, p' M'lp, -^p'Q^) gives a GNS representation of the state ipi on T, and this 
generates the von Neumann algebra Tly,p' on the Hilbert space p'J^^p. By (|5.5ip and (j6.2p . 
we have 

= {p'%, Hp'%) = {p'%, QIp'%) = {QsP'%, QsP'%), 

hence 

p'O,^ G Dom((5s), QsP'^if = 0. 
By this we have for any A G Ao 

(Pi{6s{A)) = ^ [p^^, ■n^{6s{A))p9.^) = ^ {p'fl^, pTr^[6s{A))n^) 

= ^{p^}^, p'QsTT^iA)^}^) = ^[p'Cl^, QsTT^{A)^}^) 
= ^{QsP'^<f, TT^{A)Q^) 

= 0. 
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Thus is invariant under 4 on Ao, i.e. it is super symmetric with respect to 5^. □ 

7 Supercharges affiliated to the von Neumann algebra 

It is well known (and was used in the proof of Theorem 16. 3p that for any ground state the 
Hamiltonian realized in the GNS Hilbert space is affiliated to the von Neumann algebra 
generated by the GNS representation. We shall show a similar statement for supercharges 
induced by super symmetric states. If the (supersymmetric) vacuum state is unique, then 
9Jt(^ = *B(J^) [IHl Coro.2.4.10] and hence the self-adjoint operator Qs is obviously affili- 
ated to 9Jt<p. But such assumption is not necessary. In this section, we consider symmetric 
superderivations. 

Theorem 7.1. Assume the supersymmetric C* -dynamics for Case (I) or Case (II). Sup- 
pose that (p is an even supersymmetric state on T with respect to the symmetric su- 
perderivation 5s. Let (vr^, J^^, r^^) denote the GNS representation for ip, and let 9Jt(^(c 
Q3(=;?^)) denote the von Neumann algebra generated by the GNS representation. Let Qs 
denote the self-adjoint supercharge operator implementing 6s in Then Qs is affiliated 
to the von Neumann algebra SOT<^. 

Proof. We have to show that for each projection p' £ OK^ 

p'Dom((5s) C Dom((5s), QsP'=p'Qs on Dom((5s). (7.1) 

Let c := ip{p') = [^ip, p'^ip) = {p'^^, p'^ifi). Then c = if and only if p'^},p = 0. This 
implies p' = 0, since for any X £ Tl^, p'XQ^ = Xp'Q^ = and Tl^i^^ is dense in J^^. 
For p' £ with the above c ^ 0, let ipi denote the state on whose cyclic vector is 
■^p'ft^ in the Hilbert space p'J^^p as given in (j6.ip . By Theorem 16.31 y,- is supersymmetric 
with respect to 6s. Hence for any A, B £ Ao, 



cpi\^6s{^{B*)A 
(n^, 7r^{6sh{B*)A))p'% 
(n^, Tr^{6s{jiB*))A + B*6siA))p'% 

(n^, Tr^{6s{jiB*)))TT^{A)p'%) + (n^, Tr^{B*)7r^{6siA))p'% 



n^{6s{j{B*))y%, 7r^{A)p'n^j + (TT^{B*y%, TT^{6s{A))p'% 
^n^{-6*s{B))n^, TT^{A)p'%^ + (n^{B)%, tt^{6s{A))p'%^ 
^TT^{-6siB))%, TT^{A)p'n^) + (7r^{B)n^, 7r^{6s{A))p%), 



where we noted (|2.6p and 6s = 6*. As p' £ 9Jt'^, this becomes 

' TT^{6s{B))n^, p'tt^{A)%) = (7r^{B)%, p'Tr^{6s{A))%) . 
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Noting the definition of we have 

'Qs7t^{B)%, p'tt^{A)%) = (tt^{B)%, p'Qs7t^{A)%). (7.2) 



Since Qs = Qs\.?p^o by the definition of Qs and it is self-adjoint by Theorem I5.1H (|7.2p 
implies that p'^T^p{A)Q.^ G T)om.{Ql) = Dom((3s) and 

As the above A is an arbitrary element in 

Qsp' = p'Qs on Jif^o- (7.3) 

Now take any rj G Dom(Qs). As is a core for Qg, there is a sequence {rjn} in 
such that 

Vn — > V, QsVn — > QsV, as oo. 

By ^ 

QsP'Vn = p'QsVn- 

Letting n — )• oo, we have p'r]n — > p'rj and p'Qgrjn — > p'QsV- Since Qs is a closed operator, 

p't] e Dom((5s), QsP'r] = p'QsV- 
Hence ()7.ip is proved. □ 

8 Examples 

We shall provide examples of supersymmetric C*-dynamical systems for Case (I) and 
Case (II) satisfying all the assumptions stated in ^ ^ For each of them the existence of 
supersymmetric states in the sense of Definition 12.41 is shown. 

8.1 Case (I); a class of supersymmetric fermion lattice models 

We introduce a general class of supersymmetric fermion lattice models before going into 
a specific model. Take a z^-dimensional integer lattice Z'^. For x = (xi), y = (xj) € Z*^, 
let \x — y\ := max \xi — yi\. For a subset I C Z'^, |I| denotes the number of sites in I. The 
notation 'I d Z"' means that I C Z*" is finite, i.e. |I| < oo. For / G N(ee {1, 2, 3, 4, • • • }), 
the cube centered at the origin (0, 0, . . . , 0) € Z*^ with the edge length 21 is given as follows: 

C; := {x G Z*" ; < < /, i = 1, • • • , z^}. (8.1) 



37 



Hence |Q| = \2l + ll" . 

Let ttj and a* denote the fermion annihilation and creation operators at i E Z*^. The 
canonical anticommutation relations (CAR) are satisfied: 

{a*,aj} = 6ijl, 

{a*, a*} = {ai,aj}=0, (8.2) 

where 5ij = 1 if i = j, 5ij = if i ^ j. For simplicity we assume that there is a spinless 
fermion at each site. However, it is straightforward to extend our framework, at least 
formally, to the case of spin ^-fermions which have spin-up and spin-down components. 

For each I d Z'^, the *-algebra generated by {ai, a*; i G 1} is denoted by -F(I). If 
I C J (e Z'^, J^(I) is naturally imbedded to J-"(J) as its subalgebra. Let Ao be the *-algebra 
of all strictly local elements: 

Ao := U -F(I). (8.3) 

The total system T is given by the C*-completion of The grading 7 is the Z^- 

automorphism on determined uniquely as 

7(ai) = -ai, 7(a*) = -a*, i G (8.4) 

The even and odd parts of are denoted by J-""^ and J-'°, and those of J-{1) are denoted 
by and J^(I)°. By ^ 7-locality holds: 

[A, B]^ = for every A G and B G J"(J) if I n J = 0, (8.5) 

where the graded commutator (j2.2p is used. By using the graded commutator, the multiple 
graded commutators are defined as 

[F, gY^^ := [F, G]^, [F, G]^") := [F, [F, Gj^""')]^ for n G N, n > 1, F, G G -F(8.6) 

We will see that in fermion lattice systems, a superderivation is given by 'local su- 
percharges' (which will be precisely stated in what follows) in much the same way as a 
time-generator is given by local Hamiltonians [5l §6.2]. Let be a function on all finite 
subsets {I; I d Z*^} to strictly local elements such that 

^ : I ^ ^-(1) G (8.7) 

We call such ^ an assignment of local supercharges. Assume further that ^ has a finite 
range, namely there exists an r > such that 

^-(1) = if sup \x-y\> r. (8.8) 
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The minimum non- negative integer r satisfying ()8.8p is called the range of ^. For an 
assignment of local supercharges of finite range ^, define for every I d Z'' 

C^(I):= ^(X)G-F(tr, (8.9) 

where the summation is taken over all finite subsets {X} with non trivial intersection with 
I. By (j8.7p (|8.8p . Ciii(I) belongs to T{ir)°, where Ir is given by enlarging I as 

ir := e ; mm \x - y\ < ry (8.10) 

(By definition Ig = I.) This Cii,(I) may be compared with 

C^(I) := J;M/(X)g^(I)°, 

xci 

where the summation is taken over all subsets in I. 

For each I d Z*^, let the infinitesimal supersymmetry transformation on J-{1) be given 

as 

5{A) := [d^{l), A]^, A G ^(I). (8.11) 

These for all finite subsets {I; I d Z'^} give a well-defined superderivation on as the 
following consistency holds by (j8.5p (j8.9p : 



[C*(I), A]^ = [C^{J), A]^ for any A G J^(I), if I C J (s Z'^. 

We call the above 6 given by (j8.9p (|8.1ip the superderivation determined by 
Due to ([22]) (I2TT]) ([2T^ . the conjugate of 6 is given as 

6*{A) = [C<i,,il), A]^, ^G^(I), (8.12) 

where ^* is defined on {I; I ^ Z^} as 

: I I — > ^{ly G J■(I)^ (8.13) 

and d^*{l) is given by the formula ([8^ for ^* (in place of ^'), hence ^^.(I) = 0^(1)*. 
If \I/ = , namely 

^r(l) = ^(l)* for any I ^ Z'', (8.14) 

then ^ is said to be hermitian. 

For the symmetric super derivations (5s,i = S + 6* and 5s,2 = i{S — 6*) (|2.9p . 

<5,,i(^) = [^,,,,,(1), ^]^, <5s,2(A) = [C^.,,(l), A]^, A G -F(I), (8.15) 
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where ^'g^i and ^'3,2 sue hermitian given as 



^s,i(I) := ^-(1) + ^-(1)* e ^-3,2(1) := ii'fil) - *(I)*) G (8.16) 

It is easy to see that ^* has the same finite range r as that of ^ ()8.8p . while ^'s.i and 
^'s,2 have their ranges equal or less than r. Hence for each I d Z'^ 

5(^(1)) C^(t), C^(t), (8.17) 

and 

<5s,i(-^(I)) C Til), <5s,2(-^(I)) C Til). (8.18) 
So (I33D ([31^ are satisfied. By (USD 

^(I) = ^-3,1(1) = -^3,2(1) = 0, if|I|>|a|=r^ (8.19) 
The uniform boundedness of ^ is assumed: 



ll^lloo := sup 11^(1)11 < 00. (8.20) 

If ll^'lloo < 00, then by (IHIHI) 

||^s,l||oo < 2||^'||oo < 00, ||^'s,2||oo < 2||^'||oo < 00. (8.21) 

We require the nilpotent condition (j3.1ip in Definition 13 . 3 1 up on the above 6 (determined 
by ^ through the formulae ([8^ (|8.1ip ) 

S-6 = on Ao. (8.22) 

The set of ^ satisfying 1^ IK2U\\ and lK22\i (through 1^ (fSHD ) is denoted 

by (We do not require the translation invariance for ^.) 

For any ^' G i^, as in Definition 13.31 and Proposition 13.61 we can define 

5o:=5* ■ 5 + 5-5* = Js.i • <5s,i = 5s,2 ■ 5s,2 on Ao- (8.23) 

We call such 5o the *-derivation (or time-generator) determined by ^' G The equalities 
in this formula is due to IK22\i as verified in Proposition ESI Prom (IHTfll (IHIHI) (IHIMjl . 

(5o(J-(I)) C J-(i2.). (8.24) 

So far 5, 5* , 5s,ii (58,2 and 5o are all defined on Ao- Later in (j8.55p (|8.56p we will enlarge 
their domains to let them accord with the notation ^ 

In the sequel we denote each of (5s,i(^'s,i) and 5s,2(^'s,2) simply by 5s(^s) dropping the 



40 



subscript 1 or 2. We should nevertheless remind that ^'s does not mean a general hermitian 
assignment of local supercharges, rather, it is always related to the given ^ £ ^ through 
(|8.16p : we start from ^ £ ^ that gives 5 satisfying the nilpotent condition (j8.22p . 

Remark 8.1. It is natural to ask how to characterize the assignments of local supercharges 
5' of a spinless fermion lattice system which give rise to a superderivation 6 satisfying the 
nilpotent condition (|8.22p . What is the structure of ^? (It is not a linear space.) Those 
questions are naturally considered for spini-fermion lattice systems as well. 

Let us consider ds^ = 6s ■ Ss ■ ■ ■ 6s, the nth power of 6s with n G N. These are defined 



Tl tllllGS 

on by (|8l8]) . For any A £ J"(I) 



where 



x„nv„-i7^0 X2nVi7^0XinVo7^0 



[^s(X„), •••[^s(X2), [^s(Xi), a\] ■■■] G^(Wjj§.25) 

L L L J 'yj '7 J -7 



Vo:=I, Vj- :=XjUXj_iU---UXiUVo. 



(8.26) 



By taking (|8.19p into account, we restrict non-trivial X^ {1 < k < n) appeared in the 
summation of (j8.25p and estimate \Vj\ as 



|V,-|<|I|+j(|C.|-l)<|I|+jT'- 



.27) 



Note that the graded commutators of \I's(X) with any element of J-"(Y) vanishes if XnY 
by the 7- locality (j8.5p . So ()8.25p is equivalently written as 



X,i,---X2,XiCJ 



^s(X2), ^s(Xi), A 



XCJ 



^.28) 



where J is any subset such that J D Inr (for example J = Z'') by noting (j8.18p . By 60 = 6^ 
on Ao, it follows from (18:25]) <K28\i that for any A G J"(I) and n G N 



X2nnV2n-i7^0 X2nVi ^^0 Xi nVo7^0 

= ^s{X), A\ G J^ihnr), 

XcJ 



2n) 



^s(X2), ^'s(Xi), A 



(8.29) 



where J is any subset that includes l2nr- 

Define the bounded superderivations indexed by finite subsets A d Z'^ by the same 
formula as (|8.15p but now on the total system as 

6s,a{f) ■■= [c^M), Fh (= E [*«(^)' ^^'f) ^^^^y ^ ^ (8-30) 

xnA^0 



41 



By definition, if A D I, then 



6s^a{A) = 5s{A) for each A G 



Hence for each A £ An 



hm 6s,a{A) = 6s{A), 

A— >cx) 

where the hmit means that {A; A d Z'^} tends to the whole Z*^, i.e. it eventually includes 
every finite subset. 

For each A d Z'^, give the following bounded *-derivatioil^ on J^: 



5o,a(F) :=4,a-4,a(F) for FeT. 



i.3l) 



It is written in terms of ^'s as 

So,AiF) = Yl [^s(X2), [^'s(Xi), F 

XanA^^O, XinA^0 



V [^s(X2), [^s(Xi), f] 1 (8.32) 

^ — ' L L J 'vJ 'Y 



X2,XiCA^ 

Similarly, (5o,a = ^OA • ^o.A • • • <5o,A for n G N defined on T has the following expression: 



^ [^s0^2n), ••• [^s(X2), [^s(Xi), F 



X2n,-" ,X2,XlCAr 

= E ••• E E [^s(X2„),---[^'s(X2), [^s(Xi), f' 

X2„nV2„-i^0 X2nViy0XinVo/0 

X2„CA,. X2CAr XiCA^ 
(2n) 



[ E 



A 



XcA,. 

Therefore for any A G -7^(1), 
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(8.33) 



For any fixed n G N and A G .4o, by comparing (18.33P with (j8.29p there is a sufficiently 
large Aq such that for any A D Aq 



5oXiA) = 5o\A), k = l, 2, ■■■ ,n-l, n. 



Obviously for each A £ Ao 



lim do,A{A) = 6o{A). 

A— !>oo 



^.35) 



On J- (A) So. A is not identical to So due to the difference of surface terms. 
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Let 



af(F) := e'^^'^-^iF) for F £ 



(8.36) 



which is an inner one-parameter group of *-automorphisms of F. It is explicitly given by 
the uniform convergence series with respect to t G M in any compact subset of R: 



^(F) = V F^e, := F, F^ := ^<^o,X(F) G F forn > L 



.37) 



ra=0 



Obviously for each A £ F(I), 



af(A) G F(IU A^). 



(8.38) 



Lemma 8.2. Assume the supersymmetric C* -dynamics of a fermion lattice system given 
in this subsection. Let ^ £ whose range is r, and let denote its symmetrized one 
given as ()8.16p . Let 6q denote the ^-derivation on Ao determined by ^ £ !^ . Let Jq.a with 
A ^ denote the bounded -^-derivation on F given as (j8.3ip . Then for each F £ T , 



<5o,a(^) 



X2nxi7^0 

X2,XiCA,. 



[^'s(X2)^s(Xi), F 



(8.39) 



and for each A £ F(I), 

<5o,a(^) = [^s(X2)^s(Xi), A 

X2nXi7^0 

For eac/i ^ G F(I), 

b^{A) = Yl [^s(X2)*s(Xi), A 



[^s(X2)^s(Xi), A 



.40) 



X2nXi7^0 
(X2UXi)ni5^0 



J2 k(X2)*s(Xi), A 



.41) 



XjnXj^T^© 
(X2UXi)ni/0 



X2nXi^0 

Proof For F = F+ + F_ with F+ := i(F + 7(F)) G F^ F_ := i(F - 7(F)) G F°, it 
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follows from IK32\i that 



5o,a(F+) + 5o,a(F-) 

J2 l^-sCXa), ^s(Xi)F+-F+vI/,(Xi)}+ Yl [^s(X2), ^s(Xi)F_+F_*s(Xi 

Xa.XiCAr X2,XlCAr 

(^s(X2)^'s(Xi)F+ + ^,{X,)F+^,{X2) - ^s(X2)F+^s(Xi) - F+^,{Xi)^,{X2) + 

Xa.XiCA^ 

+ *s(X2)^'s(Xi)F_ - ^'s(Xi)F_^'s(X2) + ^'s(X2)F_^s(Xi) - F_^'s(Xi)^s(X2)) 

[^'s(X2)^s(Xi), F+ + F_ 

X2,XicA^ 



i Y [^s(X2)vI/s(Xi) + vI/,(Xi)*s(X2), F]=i Yl [{^s(X2), ^s(Xi)}, F 

X2,XlCA^ X2,XlCAr 

i Y [{^s(X2), ^s(Xl)}, F]=i Y [^s(X2)^'s(Xl) + M's(Xi)vI/,(X2), F 



X2 CZ At' 



X2 !-^x CZ Aj- 

X2nXi7^0 



Y [^s(X2)^s(Xi), F 



iA2) 



X2,XiCAr 

X2nXi7^0 

where we noted that ^^0^) G J"(X)° and {^'s(X2), ^'s(Xi)} = if X2nXi = 0. Thus (|839|) 
is shown. (j8.40p is an immediate consequence of (|8.39p . To show ()8.4ip . we repeat the 
same derivation as in (j8.42p just dropping the restriction 'X2, Xi C A,,' for the summation. 
(Note that in the above, the nilpotent condition (j8.22p is not used.) □ 

The following would be useful to check the nilpotent condition (j8.22p of 6. 

Lemma 8.3. Assume the supersymmetric C* -dynamics of a fermion lattice system given 
in this subsection. Let ^ £ whose range is r, and let 6 denote the superderivation on 
Ao determined by ^. Then for each A £ J~(J), 



6-6iA)= Y [^(X2)^(Xi), yl' 
X2nXi^0 



Y [^'(X2)*(Xi), a] G ^(i2.). (8.43) 



X2nXi#0 
(X2UXi)ni7^0 



Proof. Seeing the proof of Lemma 18.21 we just have to replace ^'s in the right-hand side 
of (l8:iT]) by ^' to obtain UKm . □ 

Lemma 8.4. Assume the supersymmetric C* -dynamics of a fermion lattice system given 
in this subsection. Let ^ £ ^ and let r be its range. Then for each A £ -F(I) and n G N, 



1 



nl 



WSoMM < Pll • exp 4|I| • J • 



^.44) 
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and 



where 



l||5o"(^)||<PI|-exp(4|I|.L.i,,).M,,:, 



L^, :=sup Yl 5Zll^«(Y)||-||vI/,(X)||, M*, :=exp(8r'^L^, 



Y;YnX^0 X9i 

Proof. As is uniformly bounded and of finite range, Lq,^ is finite. In fact, 



|i*J < sup 



E 



Y;YnX7^0 X;X9i,*s(X)7^0 



< sup M'^'^r}xm\ . \2{^;^^i,m<\Cr\} 



sup 



1^ 



siloo 



< (2l^2.| . . 2^C2r\ . ||^^||2^ < 22|C2r| . | | . (2||^| 



4(2r+l)''+l . + l)'^ . Il^l 



2 

oo ■ 



(8.45) 



.46) 



5.47) 



The above estimate comes from the following observation. For any fixed i £ If ^ as the 
range of \I's is equal or less than r, every X such that X 9 i and ^s(X) 7^ is included in 
Q>2r + ^1 the z^-dimensional cube centered at i with its edge-length 2r. Hence the number 
of such {X} is estimated by 2lC2'-+»l = 21^2^1, Y\y. such X. By (l839|) |X| < |Cr|. Take an 
arbitrary j G X. Then there are at most 2l'~'2'-l subsets Y satisfying Y B j and ^s(Y) 7^ 0. 
Hence the summation over Y is estimated by the multiplication of 2l'-"2'-l . |Cr.|. 
By (p:40]l in Lemma [121 



^'s(X2n)^'s(X2n- 



X2n.X2„_l,-'- ,X2,X]^CAr 



*,(X4)*,(X3), *,(X2)*,(X,), A 



E 



similarly by (j8.4ip 



Y [*s(X2„)^'s(X2„-l), ••• [^s(X4)*s(X3), [^s(X2)^'s(Xi), 1(8:4^) 



(X2„UX2„_i)nV2„_27^0 (X2UXi)nVo#0 

X2„nX2„_i#0 X2nxi7^0 

{X2„UX2„_i)CAr (X2UXi)cAr 



= E 

(X2„UX2„_i)nV2„_27^0 
X2nnX2„_.i7^0 



Y [^s(X2„)^s(X 



(X2UXi)nVo#0 

X2nXj/0 



^s(X4)^s(X3), ^s(X2)^'s(Xi), A (8:4C) 



By taking away the restriction X2„,X2n-i, • • • ,X2,Xi C A.^ for the summation of (|8.48p . 
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we deduce the following estimate 



\\so,um 



n-l 



< 2'^P||-n{ E E ||^'s(X2fc+2)||-||^s(X2,+l) 

k=0 X2fe+2; X2fe+2nX2i;+i7^0 X2fe+i; X2fc+inV2fc^0 

+ E E ll^.(X2fc+2)||-||*s(X2fc+l)||} 

X2fe+i; X2fc+inX2fc+27^0 X2fc+2; X2fc+2nV2fe7^0 



< 2"P|| • [] |V2fc| • { sup J2 E ll^.(X2fc+2)||-||*s(X2fc+l)|| 

fc=0 *^^"'=X2fc+2;X2fc+2nX2fc+i^0 X2fc+l9i 

+ .S^P E E ll^s(X2fc+2)||-||^s(X2A.+l)||} 

^^'^^fc X2fc+i;X2fc + inX2fc+27^0 X2fc+29J 
n-l 

< J]|V2fc|-{sup E ll^s(X2fc+2)||-||^'s(X2fc+l)|| 

k=o *^^"x2fe+2;X2fc+2nX2fc+i7^0 Xafc+iSi 

+ SUP E E ll^s(X2fc+2)|| • ||^s(X2fc+l)||| 

X2ft+i; X2fc+inX2fe+27^0 X2fc+29i 
n-l 

< 2"P|| . n (|V2fc| • {2L^J) < 2-||yl|| • (|V2(„_i)r • 2"L*r) 

fc=0 

< 4"P||-(|I| + (2n-l)T'')"-Lvi>f. (8.50) 
Prom (I8.49|) we deduce in much the same way 

||5o"(^)|| < 4"P|| • (|I| + (2n - 1) • r'^r • L^^. (8.51) 

We have further 

1 (4^^ .(111 + (2n - 1) • r'^r ' ^^f) < ^ (4 • (|I| + 2n • • L^,)" 
< exp(4- (|I| +2n •r'') • L,i,^)= exp('4|I| • Lvi,^) -expfn • (8r''Lvi,j), (8.52) 



where the inequality ^ < for x > is used. Substituting the estimate (|8.52p into 
([830]) and to (|83T]) . we obtain I^M^ UjK^ with ([SliG]) . □ 

Note that the estimate (j8.44p is independent of A. 

Proposition 8.5. Assume the supersymmetric C* -dynamics of a fermion lattice system 
given in this subsection. Let ^ E Let 6o denote the ^-derivation on Ao determined 
by ^. Then Sq is a pre- generator of the strongly continuous one parameter group of *- 
automorphisms at on T which is given by 

lim (F) - at{F) = for each F G J", (8.53) 

A— 5>oo 

where denotes the one parameter group of (inner) *- automorphisms (|8.36|) . and the 
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convergence is uniform for t £ M in any compact subset o/R. (Namely, the closure of 6q 
with respect to the C*-norm is the generator of at defined above.) 



Proof. Let us recall ()8.35p . i.e. limA-5.00 ^o,a{A) = 6o{A) for each A G Ao. Hence to prove 
the statement it is enough to show that every element in is analytic for 5o by using 
the argument given in [5l Prop. 6. 2. 3. Th.6.2.4]. Let A £ Ao and let I be the least finite 
subset of Z'' such that A G J='(l). Take 



By (18:451) X]r=o it Po"(^)|| is estimated by p|| • e^l^l-^»= E^=o ;| > which is finite for 
\t\ < to- Hence we have shown that A is an analytic element of (^o- D 

The next statement is not restricted to fermion lattice systems. Rather, it is given 
under a very general setting. 

Proposition 8.6. Let T be a unital graded C* -algebra with its grading 7. Let Ao be a 
norm dense unital ^-invariant *-subalgebra of T . Let 5 be a superderivation whose domain 
includes Ao- Suppose that there exists a supersymmetric state on F with respect to 5 in 
the sense of Definition 12. 4[ Suppose further that the GNS representation (vr^, J^, il^) 
of (f is faithful (one-to-one). Then 6\j[^ is closable in the norm of J- . 

Proof. Let {An G .4o}neN be a sequence such that 



n 



An — > and 5{An) — > D €z J- in norm as n — )• 00. 



For every B,C G Ao, 

= lim (7r<p(C)r2^, 7r^(5{An))TTjB)Q^) 

= lim {ttJC)^^, QTTu,{An)TT^{B)il.^) - lim (7r<p(C)r2^, TrJj{An))QTT^{B)il.^) 
= 0, 

where we have noted (|4.4p . and An — )• 0, 7(^n) — > in norm. As TT^{Ao)^!fi is dense in J^,, 
this implies tt^{D) = 0. As vr^ is faithful, we have D = 0. This yields the statement. □ 

Proposition 8.7. Assume the supersymmetric C* -dynamics of a fermion lattice system 
given in this subsection. Let S denote the superderivation determined by ^ £ ^ on Ao. 
Suppose that there exists a supersymmetric state if with respect to 6 in the sense of Def- 
inition 12.41 Then 6 and the corresponding 6s ( defined on Ao by (jS.lSp ) are closable in 
norm. 

Proof. The total system is now a CAR algebra and it is known to be simple (i.e. it 
has no non-trivial ideal). Therefore any non-zero representation of J- is faithful, and so 
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the GNS representation (vr^, for is. As the assumption of Proposition 18.61 

is satisfied, 5 is closable in norm. As (p is invariant under 6s{= ds,i or 63^2) as well, the 
closability of 6^ holds. □ 

We will denote the norm closure of 60 (given originally on as (|8.23p ) by the same 
notation '(5o': 

60 = 6^^. (8.55) 

Namely 60 is exactly the generator of at by Proposition 18.51 satisfying (13. 2p (|3.7p of the 
standing assumptions for Case (I) in § [2j From now until the end of this subsection, we 
always suppose the existence of a supersymmetric state to assure the closability of the 
super derivations S and Sg- Taking the norm closure of the pre-closed superderivations 6 
and 5s defined on we redefine them as 

6 = 6\Z, Ss = 4k, Vs = Vs* = Vs^ . (8.56) 

By (j8.56p . the standing assumptions (j3.7p (j3.8p in ^are assured. (Let us refer to Remark 

Ml) 

Remark 8.8. In the proof of Proposition [221 the assumption 'unbroken supersymmetry' is 
essential. This not only restricts the statement very much, but also seems to be artificial. 
We expect that this assumption could be dropped by making better use of special proper- 
ties of 6 in the present setting of the fermion lattice system rather than relying naively on 
Proposition 18.61 which is a general result without detailed assumptions. Namely, our con- 
jecture is the following statement: Assume the supersymmetric C* -dynamics of a fermion 
lattice system given in this subsection. Let 6 denote the superderivation determined by 
^ £ ^ on Ao- Then 6 is closable in norm. (We further expect that the nilpotent condi- 
tion of 6 (j8.22p would be unnecessary to show the closability of 5.) On the assumption of 
unbroken supersymmetry, a similar remark will apply to the next Proposition 18.91 

Proposition 8.9. Assume the supersymmetric C* -dynamics of a fermion lattice system 
given in this subsection. Suppose that there exists a supersymmetric state ip (in the sense 
of Definition \2.A\) with respect to the superderivation 5 determined by £ ^. Then 

at{Ao) C Vs^, Ss • at = at • 5s on Ao for each t E M. (8.57) 

Similarly, 

at{Ao) C Vg, 5 ■ at = at ■ 5 on Ao for each t G M. (8.58) 

Proof. We first show the statement for |i| < to, to being defined as (j8.54p . Let A £ Ao 
and let I be the least finite subset of Z'^ such that A G J~{i)- By Proposition 18.71 for an 
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arbitrary e > 0, there is a sufficiently large Aq (s 1^ such that Aq D I and 



a^{A) - at{A) 



< £ for any A D Aq 



(8.59) 



As <5o,X(^) and a^{A) are in T{1 U A^) C Ao (I8.34p (I8.38p . 5s can be defined on each of 
them. From (j8.33p we have for each n G N 

5s(5o,X(^)) 



^ [^s(X), [^s(X2„), •••[^s(X2), [^s(Xi), A 

^ X2„,-,X2,XlCAr- 

^ ^ k(x), k(X2„), • 



XnAr7^0 X2„,-,X2,XiCAr 



Y E [*«(^)' [*s(X2„), 

xnA^^0 X2„,-,X2CA^ 
E E [*«(^)' [*s(X2„), •• 



^'s(X2), [l's(Xi), A 

^'s(X2), 5s{A) 

^'s(X2), (5s (A) 



XCAr X2„,--- ,X2CAr 

+ E E [^^(^)' [*s(X2n), ••• [^s(X2), 5,{A) 

XsZAr X2„,--- ,X2CAr 

5o,X(5s(^))+a^ 



where we used ^ [^s(Xi), A = ^[^^s(Xi), A 
denoted 



XiCA,. 



Xi 



(8.60) 

5s[A) due to Kr D Ir, and 



E E [^s(X), [M/s(X2n), ••• [^'s(X2), <5s(A) 



X(Z!Ar X2n,--- ,X2CA,, 



E E [*s(X), k(X2n), ••• k(X2), <5s(^) 



G ^(A2($.61) 



X5^Ar X2n,--- ,X2CA,. 

xnA^7^0 



As 5s is obviously a bounded map on the finite-dimensional algebra J-{Ar){= J- {I U A,.)) 
that contains a^{A) and 5o^a{A), (f8^ yields 



^aHA)) = Ss[Y: ^^WA) ) = E i5o,UA)) 



(it)'' 



oo 



Vn=0 
(it)" 



n=0 



E^^o,x(5s(^)) + E 



(it)" 



n=0 
A 



n=0 



a 



n=0 
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(8.62) 



The following (crude) estimate holds as in ()8.44p : 

1 M 



n! 



< pll •exp(4|I| -Lg.^) -M^: 



(8.63) 



Let us then estimate 



E 

n=0 



^ II A 11 A 



n=0 



n=Af+l 



A 
n\ 



By (|8.63|) . the second term of the right-hand side of this inequality is arbitrary small for 
\t\ < Iq if one takes sufficiently large. Let such be fixed. Then the first term becomes 
exactly if A(d I) is sufficiently large, because for each nGN, 0<n<A^ 



*s(X 



2n) 



^s(X2), 6M) 



and 



XnA^7^0 

7-commute due to the finite range assumption of 'J/g yielding = 0. Hence for |t| < to 



lim 

A^oo 



7 . Lin 



n=0 



n! 



0. 



Prom this and ([5:62]) (f833|) . it follows that 



lim 5s(af(A)) = hm a^{b,{A)) = at{b,{A)) ■ 

A->oo A->oo 

As (5s is closed in norm ()8.56p . noting ()8.53|) (j8.64p we obtain 

at(^)Gp4, b^{at{A)) = at{b^{A)) for |t| < to. 



^.64) 



(8.65) 



We shall remove the restriction of t G M in (j8.65p . Let s,t G M such that |,s| < to 
and |t| < to- Take A ^ Ao and K ^ . By applying (I8.65P to the strict local element 
Ci^{A) G we have 



<5s {at{a^{A))) = at {5,{a^{A))) for |t| < to- 
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Hence by (fHTMD 



and limA-s>oo <^t{o^{A)) = at+s{A), we have 

at+s{A) G Vs^, 5s{at+s{A)) = at+s{Ss{A)) for \s\ < to, \t\ < to- (8.66) 

By repeating the above extension argument we obtain (I8.57p . 

By noting (|2.10p . (|8.58p is shown by applying (|8.57p to both 4,i and 6s^2, D 

The standing assumptions ([STTP ([3l8]) (l3lB in g2] are verified by ([8371) ([838]) with 
()8.56p under the assumption of unbroken super symmetry. 

We are going to provide a concrete supersymmetric fermion model on one-dimensional 
lattice Z. The assignment of local supercharges on Z is given as 

^{{2j - 1, 2j, 2j + 1}) := a2j+ialja2j-i G -F({2j - 1, 2j, 2j + 1})°, j G Z, 

^'(I) := 0, otherwise. (8.67) 

By definition ^ is 2-periodic by the lattice translation on Z, and it is of finite range with 
r = 3. Hence the condition (|8.20p is automatically satisfied. For A G -7^(1) with I d Z, 
let us consider 6 ■ 6{A) is written as (|8.43p given in Lemma 18.31 For this summation 
formula ()8.43p we only have to take the pairs X2 and Xi such that X2 H Xi 7^ and 
\I'(X2)^'(Xi) 7^ 0. However, by (j8.67p and ()8.2p . it is easy to see that such pair does not 
exist, and hence 5 ■ S{A) = 0. As A is an arbitrary element of ^o, the nilpotent condition 
(j8.22p of 6 is verified. We now conclude that ^ £ A superderivation 6 is given by the 
formulae (IKTT]1 for this 

What remains to show is the existence of a supersymmetric state with respect to the 
superderivation 5. The Fock state ipi and the so-called anti-Fock state ip2 are uniquely 
determined by 

ipi{a*aj) = for any j G Z, 

ip2{aja*) = for any j G Z. (8.68) 

For any A G and j G Z, we have 

= ipi{Aa2j+ia*2ja2j-i) = ipi{a2j+ial2ja2j^iA) , 
= ip2{Aa2j+ia*2ja2j-i) = (p2{a2j+ialja2j-iA), 

since by the Cauchy-Schwarz inequality for positive linear functionals over the *-algebra 
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and (fgreHD . 



|<yfl(^a2j + l«2j«2i- 



< 



^ipi (^{Aa2j+ia*j){Aa2j+ia*j)*^ ipi{a*2j_-^a2:j-i] 



and similarly for the others. Hence for any X d Z 

= ^i{A^{X)) = ipi{^{X)A), 
= ip2{A^iX)) = ^2i^{X)A). 

Prom this, for any A G J"(A) C Ao with A (s Z, 

^i(5(^))= J2 ^i([^(X), =0, (8.69) 
xnA^0 

and similarly 

ip2{S{A))=0. (8.70) 
Thus, both ifi and (/?2 are invariant under 6 on namely they are super symmetric. 
8.2 Case (II); a supersymmetric quantum field model 

We shall review the C*-algebraic formulation of a free supersymmetric model on one- 
dimensional space M due to |17j. We show that this fulfills all the assumptions for Case 
(II) stated in g2] gSJl 

As before ^(M) denotes the set of M-valued functions of rapid decrease on M. Let 
Cliff (o$^(R)) denote the Clifford (fermion) algebra generated by the operators {c(/) | / E 
^(M)} satisfying {c{f),c{g)} = {f,g)l and c(/) = c(/)*, where {f,g) := f{x)g{x)dx. 
Let 7^(^(M),f7) denote the resolvent (boson) algebra on the symplectic space (o5^(R),(t), 
where o" is a non-degenerate symplectic bilinear form on ,y{M). We shall take cr{f,g) := 
J^f{x)g'{x)dx, f,g& ,y{M) as in |17] . The following is a summary of 7^(o5^(M), o") . First 
consider a unital *-algebra algebraically generated by {i?(A, /) | / G o5^(M),A G M} that 
satisfy the following relations [13 Def.3.2]: R{X, /)* = R{-X, /), R{X, f) = ii?(l, {), 
R{X, f)-R{fi, f) = i{i^-X)R{X, f)R{fi, /), [R{X, /), R{fi, g)] = ia{f, g)R{X, f)R{fi, gfR{X, /), 
R{X, f)R{fi, g) = R{X + fi,f + g){RiX, f) + R{fi, g) + ia{f,g)R{X, ffR{^,, g)). The 
element i?(A, /) is formally written as [iXl — j{f)) ^ , where j{f) will indicate the her- 
mite boson field corresponding to / G o5^(IR). It is easy to see that these algebraic rela- 
tions for the resolvent elements come from the canonical commutation relations (CCR): 
[j{f), j{9)] = ^o-(/,9)l, j{f)* = j{f), f,9 ^ The unital *-algebra generated by 

the resolvent elements becomes a C*-algebra 7^(^(R), cr) endowed with a C*-norm. See 
the explanation shortly after |17l Def.3.2j^. As defined in |171 Def.3.5], a representation 

^^The possible C*-norms of the resolvent algebra are discussed in details in [34] , 
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TT of the C*-algebra 7^(=^(M), a) (or of the total system 7^(^(M), a) (g) CUff(=^(M))) on 
a Hilbert space =^ is called regular, if 

Ker^(i?(l, /)) = for any / G ^(M). (8.71) 

For such vr, we can define a field operator jnif) '■= il — ir{R{X, /)) ""^ for / G oS^(M), where 
/ is the identity operator on J^t^. Conversely, we have 7r(i?(A, /)) = [iXI — j-Trif)) ^ ■ 

The total (fermion-boson) system is given by the tensor-product of the Clifford algebra 
and the resolvent algebra, 

T:= Cliff (^(M)) 7^(^(M), a). (8.72) 

The grading automorphism 7 on is given by 7c tX" «7^, where 7c is the automorphism 
on Cliff (oS^(M)) uniquely determined by 7c (c(/)) = — c(/), and i-ji is the identity map on 
n{^{R), a). 

The superderivation that we will formulate is formally written by (5s (c(/)) = j{f ) and 
^s{j{f)) = ic{f') [171 §2] in terms of (unbounded) field operators. Note (5s(c(/)) = j{f) 
J-. To formulate the corresponding superderivation within the C*-algebra we need to 
mollify raw c{f) in the following manner |17l §4]: 

C(/) := c(/)i?(l, /) G T. (8.73) 

Let 

Ao := *-alg{l, C(/), R{\ f)\f^ ^(K), A G M} C -F, (8.74) 

i.e. the unital *-subalgebra algebraically generated by the mollified fermionic elements 
and the bosonic resolvent elements, and let 

J-Q := *-alg{l, c(/), i?(A, /) I / G ^(M), A G M} C ^. (8.75) 

By definition D Aq and J-q is norm dense in On the other hand, is not norm 

dense in J^. It has been shown that is strongly operator dense (|3.20p in any regular 
representation, as there exists a sequence of bosonic resolvent elements converging to the 
identity operator in the strong operator topology for such representation [17, Th.3.6(ii)], 
see ([8779]) (IHISO]) . Let 

6Mf)) ■■= iR{l,f)-l + ic{f)c{f')Ril,ffGTo, 
S,{R{l,f)) := ic{f)R{l, ff e Fo. (8.76) 

It has been shown [171 §4] that (|8.76p gives a symmetric superderivation 5^ Ao ^ J^o{C 
F). 

^"Our Aa (|8.74p and J"o (|8.75p are denoted respectively by 'T>s' and by 'Ao' in TTj §4]. 
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The infinitesimal time development is formally given as 6q (c(/)) = d^-Sg (c(/)) = ic{f') 
and So[j{f)) = 6s • (Js(j(/)) = ij{f')- The corresponding global time development is given 
by the Bogoljubov-automorphism group with respect to shift-translation on the phase 
space M as 

at{c{f)) := c{ft), at{R{l, /)) := R{1, ft), (8.77) 

where ft{x) = f{x—t), x G M. This determines a one-parameter group of *-automorphisms 
at {t G M) on the whole T by tensor-product: 

at{Fi^F2) = at{Fi)^atiF2), Fi G Cliff (^(M)) , F2 e 7^(^(M), (j) (8.78) 

By definition at{Cif)) — Cift) and hence 

ati-Ao) = Ao for each t G M. 

We have now verified (j3.24p . 

For each A G Ao, its molhfier Ma,\ G 1 O 7^(^(M), a) satisfying (|3:25D ([3:26]) (|3:271) 
(for any state u whose GNS representation is regular) is given as a monomial of resolvent 
elements -R(A, /) [T71 Def.4.3]. For completeness, let us add tedious explanation about 
this statement in what follows. As 6s{Ao) is included in J^q, it suffices to show that for 
any B £ Tq there exists a net {Ns^^ x} G 1 "X" 7^(oS^(M), a); A G M+} satisfying for each A 

N{B,x}B G Ao, (8.79) 

and as A — )• 00, 

'^uj{^{B,x}) — ^ I in the strong operator topology of 5S(J^), (8.80) 

7i"tj('^s(-^{B,A})) — ^0 in the strong operator topology of *8(.^), (8.81) 

where the GNS representation (tTi^, J^, of a state cj is assumed to be regular. These 
obviously imply ([3:251) (K26\\ (13:271) by taking Ma,x = N{b,x} and B = 5s{A) for any given 
AeAo. For c(/) G Jo 

N{c(f),x} := {) (= iAi?(A, /)), (8.82) 

while for R{X, f) G Jo 

A^{fi(i,/),A} :=1- (8.83) 
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By dZl Th.3.6(ii)], 

lim TTu){Nr^rf\x}) — > I in the strong operator topology of *B(J^). (8.84) 

A— >-oo ' 

By (1131]) ^))=^c(^)i^(l, {)\ 

lim 7r^(4(iV{c(/),A})) = lim — ivr^^ (c(/')) vra;(i?(l, ^)^) — ^0 in norm, (8.85) 

as ||c(/')|| = yM^pE^ and ||i?(l, ^)|| = 1 (by [XT', Tli.3.4(ii)]) are bounded. For a 
monomial 

^1 = c(/l) • • • c{fn)Rini, 5l) • • • -R(Km, 5m) S J"o, 

let 

iV{B,,A} := iV|,(^i),A} • • • A^{c(/„),A} = iR{h 4) • • • ^^(1' X)- (8-86) 

Then 

N{B„X}Bl = (iR{l, ^) • • • iR{l, ^)) (c(/i) • • • C{fn)) (fi(ACl, 5l) • • • i?('^m, 9m)) 

= i"(c(/i)i?(l, A)) . . . (c(/„)i?(l, ^)) . (i?(^i, 5i) . . . i?(K„, gm)) 
= (iA)"(c(A)i?(l, A)) . . . (c(A)i?(i, ^)) . (i?(^,, 5,) . . . i?(^„, g^)) 

= (^A)"C(^) • • • a^) ■ R{^i, 9i)--- Ri^^m, gm) e A, 

so ([879]) is satisfied. For 5i G Jb and iV{Bi,A} given above, ([8T80]) holds due to ([8^ . while 

(|8.8ip holds due to (|8.85p by noting (12. 4p . Take another monomial -B2 = c(/ii) • • • c{hn')R{Li, ki) ■ ■ ■ R{im', km') G 
J"o- For cii?i + C2-B2 G -^0, ci, C2 G C, let 

iVwBi+c.B.,A} := N{B^,X}N{B,,X} = [iRih ^) • • • ^^(1, ^)) (ii?(l, ^) • • • ^^(1, %^))8.87) 
Then 

N{c^Bi+C2B2,X}iciBl + C2B2) 
= Cl^{B^,X}^{B2,X}Bl + C2N{B^^X}N{B2,X}B2 

= ci (iR{l, A) . . . ii?(l, A)) (^c(/i) • • • c(/„)) (ii?(l, ^) • • • ii?(l, %^)) (i?(«i, 51) 

+ C2 (ii?(l, A) . . . ii?(l, A)) /ii) . . . ^)) (^c{hi) ■ ■ ■ C(/1„,)) {R{^1, h) 

= ci(a)"(i)«'(c( A) . . . C(A)) (i?(i, A^) • • • i?(i, ^)) (i?(Ki, <7i) • • • i?(K™, 5m)) 

+ C2(iA)"'(i)" (e(1, A) . . . ^)) (c(/ii) . . . C(%^)) (i?(.i, fci) • • • i?(w, A;^')) e A, 
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so ([8779]) is satisfied. Due to (fSrsD IK85\i (fHrsT]) both (fgrSOD and (IHIST]) are satisfied for 
ciBi+C2B2- Finally, take an arbitrary B S Tq, which is written as a linear sum Yl^=i ^iBi, 
where Cj G C and each Bi is a monomial of J-q. Let 

N{B,x} ■■= N{B„x}N{B,,x} ■ ■ ■ N{B„x}- (8.88) 

Then by repeating essentially same argument as that for ciBi + C2B2 (i.e. p = 2) given 
above, i^l9\\ (IHIHOD (fSrSO]) are verified for this B. 

We are going to provide a regular supersymmetric state on with respect to 6s (|8.76p . 
On Cliff (^(M)), we take a quasi- free state (/jfgr with the two point function 
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<^ier{c{f)c{g)) = if, g)^^^^ := / f{p)g{p)dp 

Jo 

f{p)g{-p)dp, f,g&y{M), (8.89) 

where f{p) {g{p)) {p G M) denotes the Fourier transform of f{x) {g{x)) {x G M). We note 
g{p) = g{—p) as g{x) is R-valued. We can write 

(/, = Sf(/, 5)+^Sf(^/, 5), (8.90) 



where Sf(/,c/) := ^(/,5) = !^f{x)g{x)dx = \ j'^ yf{p)g{-p) + f{-p)g{p)j dp, Af{p) 

\ {x{p^ 0)f{p) — x{p < 0)/(p))) X denotes the characteristic function (on p-space). By 
= —A with respect to S{ and = —1, (|8.90p gives a complex structure on the 
euclidean space (^(M), S{). Hence ipier defined by (|8.89p is a Fock state on Chff (^(M)). 

To provide a desired (quasi-free) state on 7^(o5^(R), cr), we first consider the Weyl 
algebra A(^(]R), cr) on the symplectic space (=5^(M), a) which is generated by a set of 
unitaries {Sf \ f G y{R)} satisfying 5* = 6_f, 6f6g = e-^^(.^'5)/25j+g. Define the following 
scalar product on 



LeP 



poo poo 

/ Pf{p)9{p)dp= Pfip)9i-P)dp, f,g£ym. (8.91) 
Jo Jo 



Sb(/, g) ■■= ^ -^^^""^ . (8.92) 



It is immediate to see 



poo poo 

if^ 9)'Pbo. - (9, /)¥'bos = / Pf{p)9{-P)dp - I pf{-p)g{p)dp 

Jo Jo 



Pf{p)9{-P)dp 



V2aif,g). (8.93) 



'Our notation is different from [17J . 
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The quasi- free state (/?bos on A(o5^(R), a) is determined by 

= exp (^^^^^) = exp (^dAiW^ , / e ^(M). (8.94) 



Due to the complex structure 



if, 5)^,0. = 5b(/, g) + ^^(/, 9) (8.95) 



on the symplectic space (^(M), fi), (^bos defined as ()8.94p is a Fock state on A(o5^(M), it). 
From the formula \n\ Eq.(lO)] that makes use of the Laplace transformation, the expec- 
tation values on the monomials of resolvent elements are given as 



^bos [RiXl, h)---R{Xn, fn)) = i-iy 



roc roc 

/ dh--- dt„e-^'=*'^^'^(^bos(<5ti/, •••5t„/j8.96) 
Jo Jo 



By this we define a (quasi-free) state (/?bos on 7^(=5^(IR), a). 

The state (f on the whole system Clifr(=5^(M)) 7^(^(M), a) is given by the product 
state of (^fer and (/Jbosj i-e- 

if := ipier (8) V^bos- (8.97) 

Let (vr^f^^, =^f^^, r^^f^ J denote the GNS triplet for (^fer on Cliff (^(M)), and let (vr<^bos> ^bos' ^v'bos) 
denote that for (^bos on 7^(o5^(M), u). The GNS triplet (tt^, .y^, fi,^) for the product 
quasi-free Fock state ip on the fermion-boson system Cliff (^(M)) ®TZ(^^{M.), a) is given 
by vr^ := vr^j^^ (g) vr^tos' =^ •= ^fer =^bos' ^.nd 17,^ := ^1^^^^ (g) r2<^i,„^. As is remarked [HI 
Def.3.5], the Fock representation (7r<^bos' =^bos' ^"y^bos) of 7^(o5^(M), cr) is regular. Hence 
by construction, the above (vr,^, ^2,^) gives a regular representation of T, and for 

each / G =5^(]R) there exists a boson field operator jn^if) = I ® jn^^^^ if) on =^f^^ '^'^bos 
whose domain contains tt^{J^q)Qip, see the explanation below [17, Th.3.6]. By ()8.77p ()8.78p 
(j8:89|) (j8M]) (j8:9i|) (j8:96|) dHSZ]), (f is invariant under aj. Thus there exists a a-weakly 
continuous one-parameter group of *- automorphisms at of 5!Jt^ (the von Neumann algebra 
generated by the GNS representation for ip) such that 

TT^ (atiF)) = at (TT^iF)) = U{t)TT^{F)U{ty^ , U{t) = e**^, for every tGR and F G Jf^.98) 
where i7 is a self-adjoint operator satisfying 

HQ^ = 0. (8.99) 
By (|8.98p obviously the standing assumption (j3.2ip is satisfied. 
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It is easy to see 



<Pfc 



{atiR{l, f)))n 



t=o 



t=o 



-j.^,,Jf')7r^,jR{l, ff)%,^^. (8.100) 



Prom Kmh i^Km\i (j8.100p and the tensor-product structure of a* and ip between Cliff (=5^ (M)) 
and n{^{R), a) as ([8778]) l^37\ . by using the Leibniz rule, it follows that 



di 



Uit)Tr^iA)n^ 



- 

t=o dt 



i=0 



exists for any A £ Tq, hence obviously for any A £ Ao- Hence (|3.22p is verified. 

The weak infinitesimal supersymmetric dynamics (j3.29p of Definition 13.141 can be 
verified by the same reasoning in |17^ Th.5.8(iii)]. 

We should finally see that ip is supersymmetric with respect to 6, namely, (fo 5s takes 
on every element of . It suffices to check this on all the monomials of Ao which have 
the following general form 

C(/l) • • • C{fn)R{Xl, 5l) • • • R{Xm, 9m) = c{fl) ■ ■ ■ c(/„)i?(l, /i) • • • R{1, fn)R{\l, Ql) ■ ■ ■ R{\rn, 9m) £ A. 

From the direct computation in the proof of [17, Th.5.8(ii)], 

^ o 4(c(/l) • • • c(/„)i?(l, /i) • • • R{1, fn)R{\l, 5l) • • • R{>^m, 9m)) 



x;(-i)'=+v Uh) c{fn)) ir] 

k=l ^ ^ lr=l 



ip [cUk)c{ fr)) 



Xp{R{l, /l)---i?(l, /,)2...i?(l, fn)R{\l,9l)---R{^m.9m)) 

m 

+ ^{{fk, 9p)^b,, -«V'(c(/fc)c(5p))) x^(i?(l, fi)---R{l, /„)i?(Ai, gi)---R{\p, gp)"^ ■ ■ ■ R{Xm, 9m)) 



By ([5:89]) (ISMTl (HJZD, for any f,g G 



V'(c(/)c(5'')) = V'fcr(c(/)c(5(')) 



Hence we obtain the desired result. 



-wf{p)g{-p)dp = -i{f, 9) 



</'bos • 



P o 5,(c(/i) • • • c(/„)i?(l, /i) • • • R{1, fn)R{\l, 51) • • • R{^m, 9m)) = 0. 

Remark 8.10. We hope that the foregoing discussions will stimulate a comprehensive study 
for superderivations in C*-systems. Let us provide the following problems. Some of them 
are related to Remark 18. II and Remark 18.81 in ^8.11 Some suggest extensions of the existing 
results for even derivations [TB] to the case of superderivations. 

1. Provide conditions under which a superderivation is closed. 

2. Provide conditions under which a superderivation is closable. 
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3. Classify super derivations in (on) a graded C*-algebra. 

4. Classify nilpotent superderivations in (on) a graded C*-algebra. 

5. Provide other examples of supersymmetric C*-dynamics and determine broken- 
unbroken supersymmetry for them. 

6. Extend (or apply) our formulation of supersymmetric C*-dynamics to the situation 
not treated either in Case (I) nor Case (II). 
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